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Abstract 

We study the asymptotic behaviour in time of solutions and the theory 
of scattering for the modified Schrodinger map in two space dimensions. We 
solve the Cauchy problem with large finite initial time, up to infinity in time, 
and we determine the asymptotic behaviour in time of the solutions thereby 
obtained. As a by product, we obtain global existence for small data in 

n FH^ with A; > 1. We also solve the Cauchy problem with infinite initial 
time, namely we construct solutions defined in a neighborhood of infinity in 
time, with prescribed asymptotic behaviour of the previous type. 
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1 Introduction 



This paper is devoted to the study of the asymptotic behaviour in time of 
solutions and to the theory of scattering for the modified Schrodinger map (MSM) 
system in space dimension 2. In general space dimension n, that system takes the 
form 

idtu = -{1/2) Aau + g{u)u . (1.1) 

Here m is a (C" vector valued function defined in space time IR^^^, A a = = 
(V — iA)"^ is the covariant Laplacian associated with the vector potential A defined 

by 

Aj = 4A"^ dk Im Uk Uj , (1.2) 
g{u) is the hermitian matrix defined by 

9jk{u) = -2i Im Uk Uj - Aq 6jk , (1.3) 
Ao = 2A"^ dj dkRe Uk Uj - \u\^ (1.4) 

and summation over repeated indices is understood. The normalization and sign 
conventions in fll.ip - fll.4l) differ from those currently used by a few signs and factors 
of 2 in order to allow for an easier comparison with the Maxwell-Schrodinger (MS) 
system. The MSM system is formally derived from the more primitive system [19] 

idtz = -{1/2)V jdjz (1.5) 

where z is a complex function defined in space time and 

S/, = d,-2{l + \z\'y' z{d,z) . (1.6) 

The system (11. 5p itself is obtained through a stereographic projection from a more 
geometrically defined Schrodinger map (SM) system where the unknown function 
takes values in the unit sphere S"^. The latter system appears as the Landau-Lifschitz 
model of a ferromagnet [T6]. When deriving the MSM system from the SM one, in 
addition to (ll.ip - (ll.4p . one obtains a constraint satisfied by u. That constraint is 
easily seen to be formally preserved by the evolution (11.11) . The MSM system can be 
studied with or without that constraint. In the present paper we consider it without 
the constraint, which makes it more general and significantly different as regards 
scattering (see below). It is an important question to make the correspondence 
between the SM and MSM systems rigorous, in order to transfer results from one 
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system to the other. The equivalence of the SM system to the MSM one (with the 
constraint) has recently been proven under mild regularity assumptions [18]. 

A large amount of work has been devoted to the Cauchy problem both for the 
system ( II. 5p and for the MSM system (II. ip in various space dimensions. We refer to 
[T]-[l], [8]-[n], [13], [H], [IIl-[2ni, and the literature therein quoted. The best 
available result so far for the MSM system without the constraint in space dimension 
2 is local wellposedness in for s > 3/4 [TT] . 

In the present paper we shall study the asymptotic behaviour in time of solutions 
and the theory of scattering for the MSM system without the constraint in space 
dimension 2, where it is borderline long range (see below). 

Here we regard scattering theory as a method to classify the possible solutions 
of (ll.ip by their asymptotic behaviour. That point of view leads to the following 
two problems. 

Problem 1. One gives oneself a set Ua of presumed asymptotic behaviours Ua for 
the system ( II. ip . parametrized by some data u+. For each Ua G Ua, one tries to 
construct a solution of the system (II. ip such that u{t) — Ua{t) tends to zero as 
t +00 in a suitable sense, more precisely in suitable norms. The same problem 
can be considered for t —>■ —oo. We restrict our attention to the case of t —>■ +oo. 
The previous problem decomposes into two steps. The first step is to construct 
the solution m in a neighborhood of t = +oo, namely in an interval [T, oo) for T 
sufficiently large. This is the local Cauchy problem at infinity in time. The second 
and rather independent step consists in extending the solution to all times and 
reduces therefore to the global Cauchy problem at finite times. In this paper we 
consider only the first step and leave aside the second one. 

If the previous problem can be solved for any Ua EUa, the map Ua ^ u thereby 
defined is essentially the wave operator Vt^ for positive time associated with Ua- 

Problem 2. This is the converse to Problem 1. Given a generic solution u of the 
system (II. ip . one tries to find an asymptotic motion Ua G Ua such that u{t) — Uaif) 
tends to zero as t — > cxd in a suitable sense (in suitable norms). If that problem 
and the same one for t — oo can be solved for all u (in a suitable functional 
framework), one says that asymptotic completeness holds with respect to the set 
Ua- That property requires in particular that all possible asymptotic behaviours of 
the solutions of (ll.ip have been identified and included in Ua, and is completely out 
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of reach in the present case. In this paper, we restrict ourselves to the construction 
of a set of solutions of the Cauchy problem with finite initial time, defined up to 
infinity in time and behaving asymptotically as functions in the set Ua for which we 
can solve the first problem. That set includes small global solutions of fll.ll) . 

In the present natural candidate for lAa is the set of solutions of the free 

Schrodinger equation, namely 

u^it) = U{t) u+ = exp (i(t/2)A) u+ . (1.7) 

Cases where such a choice is adequate are referred to as short range cases. This 
requires the nonlinear interaction to decrease sufficiently fast at infinity in space 
and/or time. This occurs for the MSM system in space dimension n > 3 and, if the 
constraint is included, also in space dimension n = 2. This also occurs for the SM 
system in space dimension n > 2 p3]. The long range case is the complementary 
one where that set is inadequate and has to be replaced by a set of modified asymp- 
totic behaviours. This occurs for the MSM system without the constraint in space 
dimension 2, the case which we treat in this paper. The modification includes the 
introduction of a phase in the asymptotic Schrodinger function. In that respect, the 
MSM system without the constraint in space dimension 2 is borderline long range 
and similar to the Maxwell- Schrodinger (MS) and Wave-Schrodinger (WS) systems 
in dimension 3, and to the Hartree equation with potential in dimension n > 2. 

The MSM system is also similar to the MS system in the sense that it consists 
of a Schrodinger equation in a magnetic field, with vector potential A. In contrast 
with the MS system however, the magnetic field does not propagate, and the vector 
potential is defined locally in time in terms of the Schrodinger function. This makes 
the problem simpler and makes it possible to apply the methods previously used for 
the MS system in dimension 3 to the MSM system in dimension 2. 

The theory of scattering for the MS system in dimension 3 has been studied by 
several authors [5] [6] [7] [21] [26], following work on the WS system and on the 
Hartree equation. We refer to [^ for additional information and references on that 
matter. In this paper we study the MSM system in dimension 2 by the methods used 
in |5], which seem to be the most readily applicable to that system. The main results 
are as follows. We first solve the Cauchy problem with large finite initial time, up to 
infinity in time and we determine the asymptotic behaviour in time of the solutions 
thereby obtained. This represents our contribution to Problem 2 mentioned above. 
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and allows us to identify a set Ua of possible asymptotic behaviours. As a by product 
we obtain global existence for small data. We then solve the Cauchy problem with 
infinite initial time, namely we construct solutions defined in a neighborhood of 
infinity in time, with prescribed asymptotic behaviour of the previous type. The 
method consists in expressing the Schrodinger function u in terms of a complex 
amplitude v and a real phase y?, replacing the original system (II. ip by an auxiliary 
system for the pair (f , treating the corresponding problems for the latter system, 
and reconstructing the solutions u of the original system from the solutions (f , if) 
of the auxiliary one. The detailed construction is too complicated to allow for a 
more precise description at this stage and will be described in heuristic terms in 
Section 2 below. At the end of that section, we shall also give a simplified version of 
the results as Propositions 2.1 and 2.2. We conclude this introduction by giving a 
brief outline of the contents of this paper. A more detailed description will be given 
at the end of Section 2. In Section 3, we collect some notation and preliminary 
estimates. In Section 4 we study the Cauchy problem at finite initial time both 
for the original system (11.11) and for the auxiliary system. In Section 5, we study 
the Cauchy problem with infinite initial time for the original system (11. ip and the 
corresponding problem for the auxiliary system. 

2 Heuristics and formal computations 

In this section, we perform in a formal way the algebraic computations needed to 
study the Cauchy problem for the MSM system (11.11) in a neighborhood of infinity in 
time, both for finite and infinite initial time, and we sketch the method used to solve 
that problem. The system (II. ip in this form is not well suited for that purpose and 
we perform a number of transformations leading to an auxiliary system for which 
that problem can be handled. The unitary group 



U{t) = exp(i(i/2)A) 



(2.1) 



which solves the free Schrodinger equation can be written as 



U{t) = M{t) D{t) F M{t) 



(2.2) 



where M(t) is the operator of multiplication by the function 




(2.3) 
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F is the Fourier transform and D{t) in the dilation operator defined by 

D{t) = (it)-' Doit) , (Do(t)/) (x) = f{x/t) . (2.4) 
We first change variables from u to its pseudoconformal inverse Uc defined by 



u{t) = M{t) D{t) Ucil/t) (2.5) 

or equivalently 

u{t) = Fuc{l/t) (2.6) 
where for any function / of space time, we define 

f{t,-) = U{-t)f{t,-) . (2.7) 

Correspondingly we define B by 

A{t) = -t-^Do{t) B{l/t). (2.8) 

Substituting (12. 5p (12.81) into (II. ip yields the following equation for Uc : 

idtu, = -{1/2)AbUc + (b{uc) + g{uS) (2.9) 

where B = B{uc) and we have defined 

B{v) = B{v,v) , B{v) = B{v,v) , g{v) = g{v,v) , (2.10) 

Bj{vi, V2) = 2A~^dk Im {vikV2j + V2kVij) , (2.11) 

9jk{vi, V2) = -i Im {vikV2j + V2kVij) - Bo{vi,V2)5jk , (2.12) 

Boivi, V2) = 2A-^djdk Re ivikV2j) - Re {vi ■ V2) , (2.13) 

B{vi,V2) = 2r^XjA'^dk Im {vikV2j + V2kVij) (2.14) 
and more generally, for any IB? vector valued function of space time 

/>,t)=rt-/(x,t) . (2.15) 

We next parametrize Uc in terms of a complex amplitude v and a real phase by 

Uc = V e^]){—iip) . (2-16) 
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Note that Uc and v are ((D^) vector valued and that the phase is the same for all 
components, so that in particular 

B{u,) = B{v) , B{u,)=B{v) , g{uc)=9{v). (2.17) 

Substituting (12.161) into (12. 9p yields the equation 

idtv = -(1/2) Akv + (Biv) - dtv + g{v)) v (2.18) 

where 

K = s + B , s = Vip (2.19) 
and in the same way as before 

We have now only one equation for two functions {v, if). We then arbitrarily impose 
a second equation, namely an equation for the phase ip, thereby splitting (I2.18P into 
a system of two equations, the other one of which is an equation for v. There is a 
large amount of freedom in the choice of the equation for the phase. The role of the 
phase is to cancel the long range term B{v) in (I2.18p . However since that term has 
a relatively low regularity, it is convenient to split it into a short range and a long 
range part. Let x e C°°{IR^,IR), < x < 1, xiO = 1 for |^| < 1, xiO = for 
lei > 2. We define 

Bl = F*x{ ■ f^'^)FB , Bs = F* ((1 - x{ ■ t'^^'^)) FB . (2.20) 
As the equation for 93, we take 

dt^ = Bl{v) (2.21) 

so that the equation for v becomes 

idtV = Hv (2.22) 

with 

H = -{l/2)AK + Bsiv) + g{v) . (2.23) 

The system (I2.2ip (I2.22p is the final form of the auxiliary system that replaces the 
original system (II. ip . For technical reasons, it will be useful to consider also the 
partly linearized system for a new variable v' 

idtv' = Hv' (2.24) 
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where H is still associated with {y,ip) according to fl2.23p . The Cauchy problem 
at finite initial time to ^ [I5 00) for the original system (11.11) is now replaced by 
the Cauchy problem for the auxiliary system (I2.2ip fl2.22p at finite initial time 
''"0 = ^ (0)1]- We shall solve that problem in two steps. We shall first solve 
the linearized system (12.240 for v' with given f , thereby defining a map T : v ^ v' . 
We shall then prove that the map F has a fixed point by a contraction method. 
With the solution of the system (I2.2ip (12.220 available, the original system (II. ip can 
be solved by substituting the solution {v,ip) into the formulas (12. 6p (12.160 . 

In a similar way, the Cauchy problem at infinite initial time for the original 
system (II. ip is replaced by the Cauchy problem at t = for the auxiliary system 
(I2.2ip ( 12.220 . Since that system is singular at t = 0, that problem cannot be treated 
directly and we follow instead an indirect procedure. We choose a set of asymptotic 
functions (fa, ^a) which are expected to be suitable asymptotic forms of (f , ip) at 
t = and we try to construct solutions of the auxiliary system ( 12.210 ( 12.220 that 
are asymptotic to (fa, ^Pa) as t ^ 0. The set (fa, ifa) will be taken of the following 
form. For a given fa, which needs not be specified at this stage, we define ipa by 

dt^a = BL{Va) (2.25) 

with ipaiX) = ^-^d we define 

Sa = Vipa , Ba = B{Va) , Ka = Sa + Ba , Ba = B{Va) • (2.26) 

We next define the difference variables 

{W,i)) = {V - Va.ip - (pa) , (2.27) 

G = Biv) - 5a (= Biw, 2fa + w)) , (2.28) 

a = \/i^ , L = a + G (2.29) 

so that K = Ka + L. Substituting the definitions (121271) - (l2:29|) into the system (lOTj) 
(I2.22P yields the new system for (Wjip) 

dtiP = GL{=BL{w,2va + w)) (2.30) 

idtw = Hw + HiVa - R (2.31) 

where 

H,=tL- Vk^ + (V2)V ■ a + {l/2)L' + Gs + g{w, 2va + w) , (2.32) 
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R = idtVa + {l/2)/\K^Va - {SaS + 9^) Va • (2.33) 

Again for technical reasons, it will be useful to consider also the partly linearized 
system for a new variable w' 

idtw' = Hw' + HiVa - R (2.34) 

where H and Hi are still associated with (f , v?) (or {w,tp)). 

The remainder R expresses the failure of (f^, ipa) to satisfy the system fl2.2ip 
(I2.22P and will have to tend to zero at a suitable rate in order to make it possible 
to solve that system. 

The construction of solutions {v, ip) of the system (12.211) f l2.22p with prescribed 
asymptotic behaviour at t = will be performed in two steps. The first step 
consists in solving the system (I2.30p fl2.3ip with {w,ip) tending to zero as t — > 
under assumptions on {va, ^a) of a general nature, the most important of which 
being decay assumptions on i? as t — 0. This is done by first solving the linearized 
system f l2.34p for w' , for given {w^iIj) tending to zero as t — 0, with w' tending to 
zero as t — > 0. For that purpose, one first solves the Cauchy problem for the system 
fl2.34p with initial condition w'(to) = for some to > and one takes the limit of 
the solution thereby obtained as to 0. This procedure defines a map T : w w'. 
One then proves by a contraction method that the map F has a fixed point in a 
suitable function space. 

The second step of the method consists in choosing the asymptotic function Va 
so as to ensure the assumptions needed for the first step, and in particular the 
time decay of R. In the present problem, this will be simply achieved by taking 
Va = U(t)v+ for a suitably regular t>+. Substituting the previous results into the 
formulas (12. 6p (I2.16P will yield the corresponding results for the original system 
(II. ip . In particular the solution u thereby obtained will behave asymptotically as 
Ua defined by 

n,(t) = FuU^/t) (2.35) 
Uca = Va exp {-iipa) (2.36) 

in analogy with ^Ml fl2A6D . 

We now give a heuristic preview of the main results of this paper, stripped from 
most technicalities. They will be stated in full mathematical detail in Propositions 
4.2-4.5 as regards the Cauchy problem with finite initial time and in Propositions 
5.6, 5.7 as regards the Cauchy problem with initial time t = for {v, (p) and t = oo 
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for u. In order to state the results, we shall use the spaces V'', S'^, and de- 
fined by (13. 4p (13.91) (13.11) (13. 2p below. In all those results we assume that 1 < k < 2. 
The lower bound k > 1 plays an essential role, while the upper bound k < 2 is 
imposed only for convenience. It could be dispensed with at the expense of minor 
modifications of the proofs. The results for finite initial time can be summarized as 
follows. 

Proposition 2.1. Let 1 < k < 2. 

(1) Let Vq G . For Tq > 0, Tq sufficiently small, there exists a unique solution 
{v,(f) of the system [KM) [KMl such that {v,if){to) = {vo,0),v e {CnL^){I,V''), 
(p G C{I, H^) where I = (0, tq] and {v, ip) is estimated in those spaces. Furthermore 
there exists f+ G such that v{t) tends to f+ when t —>■ 0, and {v,ip) behaves 
asymptotically as {va,fa) when t ^ 0, with Va = U{t)v+ and (fa a solution of 

[Km . 

(2) Let uq G FV''. For t^ sufficiently large, there exists a unique solution u of 
the system M.l\) such that u{tQ) = U(to)uo, u G C{I,FV^) where I = [to,oo), and 
u is estimated in that space. Furthermore u behaves as Ua when t —>■ oo, with Ua 
defined by ^2. 35\) ^2. 36\) and {va.fa) as in Part (1). 

(3) Parts (1) and (2) hold with replaced everywhere by S'^. Furthermore for 
Uq G S'^, uq sufficiently small, there exists a unique solution u G C(iR, S'^) of the 
system ( (i.il) with u{fS) = uq. 

We next summarize the results for zero or infinite initial time. 

Proposition 2.2. Let 1 < k < 2. Let v+ G V''^^, let Va = U{t)v^, let ifa be defined 
by ^M) with ifaiX) = and let Ua be defined by ( f03]) ( fO^) . 

(1) There exists r > and there exists a unique solution {v,(f) of the system 
^KM) ^MM) such that V e {Cn L°°){I, V'') and ip G C(/, H^+^), where I = (0, t], 
and such that {v, (f) behaves asymptotically as {va, fa) when t ^ 0, in the sense that 
the difference {v — Vaj^p — fa) tends to zero in suitable norms and at suitable rates 
when t ^ 0. 

(2) There exists T > and there exists a unique solution u of the system ( (i.ij) 
such that u G C(/, FV^), where I = [T, oo), and such that u behaves asymptotically 
as Ua when t oo, in the sense that the difference u — Ua tends to zero in suitable 
norms and at suitable rates when t ^ oo. 
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Remark 2.1. There is a loss of one derivative from the asymptotic data to the 
solution V in Proposition 2.2, part (1), so that Propositions 2.1 and 2.2 cannot be 
considered as the converse of each other. Furthermore the convergence properties of 
{v, if) to its asymptotic form (t>a, ipa) required in Proposition 2.2, part (1) to solve 
the system fl2.2ip fl2.22p with initial time zero are stronger than those obtained for 
the solutions constructed in Proposition 2.1, part (1). A similar remark applies to 
the pair (m, Ua). 

We now describe the contents of the technical parts of this paper, namely Sections 
3-5. In Section 3, we introduce some notation, we define the relevant function spaces 
and we collect a number of preliminary estimates. In Section 4 we study the Cauchy 
problem for finite initial time. We solve that problem for the auxiliary system fl2.2ip 
( I2.22P (Proposition 4.2) and for the original system (11.11) (Proposition 4.4). We prove 
in particular the existence of small global solutions for the latter. We then analyse 
the asymptotic behaviour of the solutions thereby obtained for the auxiliary system 
(Proposition 4.3) and for the original system (Proposition 4.5). In Section 5 we 
study the Cauchy problem with initial time zero for (f , (p) or infinity for u. We 
first give uniqueness results for (f , v^) (Proposition 5.1) and for u (Proposition 5.2). 
We then solve the Cauchy problem with prescribed asymptotic behaviour (f^, yj^) 
as t — > for (f , yj) (Propositions 5.3-6) and with prescribed asymptotic behaviour 
Ud as t ^ oo for u (Proposition 5.7). 

3 Notation and preliminary estimates 

In this section we introduce some notation and we collect a number of estimates 
which will be used throughout this paper. We denote by || the norm in = 
U{IR^), to be used mostly in IB?, and by <, > the scalar product in L^. We shall 
use the Sobolev spaces = H^{IR"') defined for k & IRhj 

H'' = [ue S'{nr) :|| u; H'' \\ = \\< u u h < oo} , 

where < • >= (1 + | ■ P)^^^, and uj = (— A)^/^. Besides the standard Sobolev spaces 
H^, we will use the associated homogeneous spaces H'^ with norm || u; || = 
II uj'^u II2. If < < n/2 it is understood that C V with k = n/2 — n/r. In 



11 



addition we shall use the notation 

H'l= n (3.1) 

^ o<e<k ^ ' 

and 

H^^ n . (3.2) 
For any Banach space X C <S'(iR"), we use the notation 

FX = {ve S\nt) : F*v e x} . 

For any /c > 0, ^ > 0, we define the space 

H'''^ ={ve 5'(iR") : II v; H^^^ || = ||< x >^< >^ u < oo} . (3.3) 

In particular H'^ — H^'^ and FH^ — H'^'^. For 1 < /c < 2 we shall make extensive 
use of the space defined by 

V''^{v& S'inr) : II V- V^\\^\\<uj>^v II2 V ||< >'=-^ XV ^ < 00} , (3.4) 

where for real numbers a and b we use the notation aV b — Max(a, b) and a Ab — 
Min(a, b). Clearly V'' — H'^ H H^~^'^. More generally, for < p < 1 we define the 
spaces 

SO that 

The spaces V^''^ interpolate between H^~^ and V'^. 
From the commutation relation 

xU{-t) = U{-t){x + itV) (3.6) 

it follows that the space is invariant under the operator U {t) and that 

I ||t;;V''|| - II ^7(t)v; V^'^ II I < |t||| t;; if'^ II (3.7) 

so that 

\\U{t)v;V'' \\ <{l + \t\) \\v;V'' \\ . (3.8) 

However the space FV'' is not invariant under U (t) . For that and other reasons we 
shall also use the smaller space 

12 



where F acts an an isometry. From general interpolation theory it follows that 
T.^ C with 



|24j [25] . Furthermore Tl^ is invariant under the evolution operator U{t) and 

II U{-t)v; T!" \\ = \\<uj>^ v\\2 V ||< X + itV >^ v Us 

< C(||t;;S*^|| +\t\^ \\uj^v\\2) < C(l + Itl)'^ || t;; S'^ || . (3.11) 

For the reader's convenience, we give a simple direct proof of those two facts and in 
particular of (13.101) (13.111) in the Appendix. 

For any interval I and for any Banach space X, we denote by C(/, X) (resp. 
Cw{I,X)) the space of strongly (resp. weakly) continuous functions from / to X 
and by L°°{I,X) (resp. L^^(/, X)) the space of measurable essentially bounded 
(resp. locally essentially bounded) functions from / to X. For I an open interval, 
we denote by T>'{I, X) the space of vector valued distributions form I to X. We shall 
say that an evolution equation has a solution in I with values in X if the equation 
is satisfied in P'(/o,X), where Jq is the interior of /. 

We shall use extensively the following Sobolev inequalities, stated here in iR", 
but used only in IR^, and the following Leibnitz and commutator estimates. 

Lemma 3.1. (1) Let 1 < r < oo, 1 < ri,r2 < cxo and < j < i. If r = oo, assume 
in addition that £ — j > n/r2- Let a satisfy j /i < cr < 1 and 



v\V^ II < C\\ v;^^ 



(3.10) 



n/r — j = {1 — a)n/ri -\- a{n/r2 — i) . 



Then the following estimate holds : 



II uj^v II, < C\\v 



l-o- 

■n 



(2) Let 1 < r, ri,r3 < oo and 



1/r = 1/ri + l/r2 = l/r-^ + l/r^ . 



Then the following estimates hold : 




+ 




for £ > 0, and 




V2 lira + II ^^2 \\rs \\ V-^i 



) 
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for i > 1, where [ , ] denotes the commutator. 
In particular for n = 2 and < £ < 1 

II i0\viV2) h < C II iu\ II2 (II V2 Hoc + II II2) . (3.12) 

(3) Let < i < 1. Then the following estimate holds : 

II [u\vi]Vv2 II2 < C II FVv^ 111 II Jv2 II2 . (3.13) 

Proof. Part (1) follows from the Hardy-Littlewood-Sobolev (HLS) inequality [22] 
(from the Young inequality if r = cxd), from Paley-Littlewood theory and interpola- 
tion. Part (2) is proved in [12] [15] with oj replaced by < a; > and follows therefrom 
by a scaling argument. 

Part (3) follows from the relation 

[F[u',v^]Vv2) (0 dr^Mi-v) (lel'- l^?r) VV2{V) , 

from the inequality 

I ler-i^n i^i<i^-^i i^r 

and from the Young inequality. 



□ 



We shall also use following lemma. 



Lemma 3.2. Let 1 < k < 2. Then the following estimates hold : 

II u;^'-\xviV2) II2 < C II vi; \\ \\ V2; V \\ , (3.14) 

II u;''+\xviV2) II2 < C II vi; \\ \\ V2] V'^^ \\ . (3.15) 

Proof. For £ > 1 we write 

Uj'''{xViV2) = [CU^, Vi]xV2 + Vi[uJ^, x]v2 + XViU0^V2 ■ 

By Lemma 3.1, part (2) we estimate 



{XV1V2) II2 < C'( II ^^Vi llri II XV2 lira + || Vfl ||r2 || ''{XV2) \\rj_ 

+ II Vi lira II ^^^'^V2 lln + II XVi lira || UJ^V2 ||ri ) 
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with 1/ri + l/r2 = 1/2, 2 < ri < oo. For £ = + 1 we take ri = 2, r2 = oo which 
immediately imphes fl3.15p . For k > 3/2 and £ = 2A; — 2 we take 2/ri = A; — 1, 
2/r2 = 2 — k and we apply Lemma 3.1, part (1) to obtain 

II UJ^''~^{XVIV2) h < C( II u'^Vi II2 II Uj''-\XV2) II2 + II Uj''-\xVi) ||2 || CJ^'i;2 h 
+ II tu'^^V II2 II Uj''''^V2 II2 

which implies (13.141) in that case. For k < 3/2 so that 0<£ = 2/c — 2<lwe use 
the fact [22] that 

\\u^'f\\l=c[dy\y\-'-''\\rJ-f\\l (3.16) 



where {Tyf){x) = f{x + y). Taking /(x) = xvi{x)v2{x) we write 

Ty{xViV2) - XV1V2 = {ry{xVi)) {TyV2 - V2) + {TyVi - Vi) XV2 

+y {-TyVl) V2 

so that from (13.111) we obtain 

II UJ^{XVIV2) II2 ^ (/ dy\y\'^'^^{ II TyVi-Vi II XV2 

+ II TyV2 -V2 llri II ) + / d-vlvl'^'^ \\ iTyVi)v2 (3-17) 

where 2/ri = /c — l,2/r2 = 2 — A;. We estimate 

dy\yr-'' II Tyv,-v^ \\l,< Cj dy\yr-'' \\ u'-' {ryV, - v,) \\l 
= C II cuV 11^ 

by Lemma 3.1, part (1), by (I3.16P and the fact that uj commutes with Ty. We 
estimate || XV2 \\r2 by Lemma 3.1, part (1), we estimate the second term in (I3.17P 
in the same way and we estimate the last term in (I3.17P by the HLS inequality and 
Lemma 3.1, part (1) again. This yields (I3.15p . 

□ 

We next derive some estimates of the functions B and g defined by (12.111) (I2.12p 

dSISD. 

Lemma 3.3. Let 1 < k < 2. Then the following estimates hold : 

\\uj^B{vuV2) h < C \\vi;H'' \\ \\v2;H'' \\ forO<e<k + l, (3.18) 
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\\u;'B{vi,V2)\\2< C\\vi\\2\\v2;H''\\ for < i < 1 , (3.19) 

II JB{vi,V2) \\2< C II vi; V'' II II V2; 1/^1 for0<e<2k-l , (3.20) 

\\ u;^B{vi,V2) h < C r'^ \\vi\\2 \\V2;V'' \\ forO<£<k-l, (3.21) 

\\ oo^B{vuV2) h < II II II i;2; V^^' II for < i < 2{k -1) , (3.22) 

II uj^B{v) II2 V t II cu^5(t;) II2 < C\\v; V''^^ f for0<£<k + 2 , (3.23) 

II ^^^(^^1,^2) II2 < C II II II f2;i/Ml forO<£<k, (3.24) 

II (7(t^i,t^2) II2 < C II t;i II2 II V2;H' \\ . (3.25) 

Proof. The estimates fIXTSD fl3:T9|) (13:21) fl3:25|l and the estimate of B in (JS^SD 
follow from Lemma 3.1 possibly supplemented by the HLS inequality for i? if £ < 1. 
In order to derive the estimates for 13 we first remark that 

B{vi,V2) = 2t^^A''^dk lm.{vik X ■ V2 + V2k X ■ vi) . (3.26) 

This follows formally by commuting x with A^^dk and can be proved by a regulariza- 
tion and a limiting procedure. The estimates fl3.2ip fl3.22p use only the assumptions 
that XV2 € H''~^ and follow from fl3.26p . from Lemma 3.1 and from the HLS in- 
equality if £ < 1. Finally (I3.20p and the estimate of B in (I3.23P follow from Lemma 



3.2. 

□ 

We shall need also the following estimates. 

Lemma 3.4. Let 1 < k <2 and k <m <2. Let v e V'' and Vip G with 

a=\\v;V''\\ , 12= \\V(p;H"'-^ \\ . (3.27) 

(1) The following estimates hold : 

II vexp(— if/}) II2 = II f II2 < o , (3.28) 

II exp(— i(y9) II2 = II XV II2 < a , (3.29) 

II uj^-^xveicY>{-i'^) II2 < C a(l + ;u) , (3.30) 

II oj^v exp(-z(/?) II2 < C7 a(l + ^f+ik-i)/{m-i) _ (3^3^) 
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(2) Let in addition ip G L°° with \\ if 



oo 



< ji. Then 



II V (exp(— — 1) II2 V II XV (exp(— if/)) — 1) II2 < a/i , 



(3.32) 




(3.33) 



(3.34) 



uj^ XV II 2 < a(l + A^)^ for < £ < 1 . 



(3.35) 



Proof. Part (1). (13.281) and (13.291) are obvious. We next estimate by Lemma 3.1 



a;'=exp(-z<^) II2 < II ||(— 1) II ^'»exp(-z<^) ||('=-^)/("^-i) (3.37) 



and we estimate by Lemma 3.1 again 

II cj"^exp(-i(^) II2 = II cj™-V<^exp(-z(^) II2 < C \\ uj"'ip ^ (1+ || Vip h) (3.38) 
which together with ^M\f (131371) imphes (l33B . 

Part (2). ( 13.321) is obvious. We next estimate by Lemma 3.1 



II u'^^^xv {exp{-i(p) - 1) II2 < C II uj^'^^xv II2 (|| (p ||oo + || V<y5 II2) 
which imphes ( I3.33p . and 

II uj''v {exp{-iip) - 1) II2 < C (11 uj''v II2 II (p lloo + II V lloo II u;^exp{-i(p) II2) 
which together with (lOTj) (Km imphes (lOll . 



cj'' ^xt;exp(-z(y9) II2 < C || cj'' ^xv {{2 (1+ || V(p II2) 



which imphes ( I3.30p . and 



uj^vexp{-i(p) II2 < C(|| Lu^v II2 + II f 



uj'' exp{-iip) II2) . (3.36) 



We then interpolate 
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Part (3). (13.351) is proved by interpolation between fl3.29p and 



II V {xv exp{—iip) II2 < II Vxf II2 + II XV ||oo || V^^ II2 • 

□ 

In order to take into account the time decay of the norms of w as t 0, we 
introduce a function h G C((0, 1], JR^) such that the function h{t) = t~^^~^'>/'^h{t) be 
non decreasing in (0, 1] and satisfy 

/* dt' t''^ h{t') < C hit) (3.39) 
Jo 

for some C > and all t G (0, 1]. We shall use functions of the type 

h{t)=t^{l-lntY (3.40) 

with A > which clearly satisfy (13.391) . Strictly speaking that function is increasing 
in (0, 1] for X > fi only, but not for X < fi. In the latter case, one can remedy that 
fact either by restricting oneself from the start to the smaller interval (0, r] with 
r = exp(l — /i/ A), or by replacing the previous function by 

h{t) = Sup t'\l-intY 

0<t'<t 

which also satisfies (I3.39P . In what follows we shall freely use (13.401) and not mention 
that point any more. 

For any interval / C (0, 1], we define the space 

X{I) = i^v -.v eC{I,V'') and \\ v; X{I) \\ = Sup h{t)-^ \\ v{ty,V'' \\< 00^ . 

(3.41) 

We finally give estimates of the short and long range parts of i? = B{v) for time 
dependent v, namely 

II Uj'^Bs II 2 < t^P-'")/^ II ^P§^ II 2 < ^(p-m)/2 II ^p^ y ^3^42) 

for m < p, and similarly 

II uj'^Bl II2 < (2^1/2)""" II ujPBl II2 < (2ri/2)""^ II ujPB y (3.43) 
for m > p. 
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4 The Cauchy problem with finite initial time 



In this section we study the Cauchy problem with finite initial time in a neigh- 
borhood of zero for the auxiliary system fl2.2ip (12.221) and in a neighborhood of 
infinity for the original system (II .11) . The main results are the existence of solutions 
defined down to t = for {v,ip), obtained in Proposition 4.2, and up to t = oo 
for u, derived therefrom in Proposition 4.4. As a by product we also obtain the 
existence of small global solutions for u. Furthermore we derive some results on the 
asymptotic behaviour of {v, as t — > and of m as t — oo, stated in Propositions 
4.3 and 4.5 respectively. We treat the various questions in two types of function 
spaces. The largest convenient spaces are for v and v, and correspondingly FV'^ 
for u. As mentioned in Section 3, those spaces have the drawback that FV'' is not 
stable under the free Schrodinger evolution U{t). The largest smaller spaces where 
stability holds are the spaces S'^ and we also state the various results specialized 
to those smaller spaces. One of the reasons for doing so is that the restriction to 
S'^ is necessary when dealing with the problem of small global solutions for u (see 
Proposition 4.4, part (3)). 

We begin this section by deriving some preliminary estimates for solutions of 
the partly linearized system (I2.2ip (I2.24p . We recall that s = Vip and we use the 
notation a+ = a V 0. 

Lemma 4.1. Let 1 < k < 2 and I C (0, 1]. Let v E C{I, V'') and let 

y^y(t)=\\v{t);V''\\ . 



(1) Let s e C{I,H''+^) and let v' e C{I,V'') be solution of Then v' 

satisfies the following estimates for all t E I : 



v'{t) h=C 



(4.1) 



\dt II xv' II2I < II Vv' II2 + II s II2 II v' lU +C y'W v' h , (4.2) 



dt II uj% 



< 



C{ (II V. 



loo + + II S IlL + yV'-' + l/') II CuV II2 



+ [\\u''+\sh +(ll^'s||2 V)(l|S„oo 



dt II uj'^-^v' 1I2 



< 



+ II cu^^V II2 +(||FVs||i + II cu^s II2 



W)+y't-'^^'-'^'' + y') Ih'lloo}, 

(4.3) 

C{ II II2 + II oJ^'-'s II2 (II v' Hoc + II Vv' II2) 

Vs II2 



s lloo +y , 
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(4.4) 



Let in addition v' G C(/, S'^). Then v' satisfies the following estimate for all t E I 



df \\< X >^ v' 



< k{\\<x >^"i Vv' 



+ (II s lloo +Cy^) ||< a; >''"^ v' II2 + II i;' II2 
(2) Let ip satisfy /12.21\) . Then ip satisfies the estimate 

II u;%^ II2 <Cy' 
for all £ > and all t E I. 



(4.5) 



(4.6) 



Proof. Part (1). (14.10 is obvious. (14. 2 p follows immediately from (I2.24p . from the 
commutation relation 

[x,H]=Vk 

and from Lemma 3.3. We next estimate || uj^v' \\2- By standard energy methods 
followed by Lemma 3.1, we estimate 



+ II Lu'^Bsv' II 2 + II ^^''gv' II 2 



< C{( II V(s + S) lloo + II c^'(s + 5) II2 + ||V-s||oo + lis + 5 11^ 
+ II Bs lloo + II 9 lloo ) II cuV II2 + ( II cu^+^s II2 + II uj\s + B) II2 \\s + B 



+ II uj^Bs II2 + II uj^g II2 ) II v' lloo } 



(4.7) 



from which (14.30 follows by (I3.42p and Lemma 3.3. 

We next estimate || oj^^^xv' \\2- By standard energy methods followed by Lemma 
3.1, we estimate 



dt II u^-^xv' II2 < II u^-^Vs+bv' II2 + II [uj^-\s + B]Vxv' 



+ II a;^"^(V- s)xt;' II2 + \\ uj^'\s + Bf xv' \\2 + \\ uj^'^ B sxv' h 

+ II uo'^-^gxv' II2 

< C{ II cuV II2 + II u^-'s II2 (II v' lloo + II yv' II2) + (II B lloo + II V5 



X II uo^ ^v' II2 



FV{s + B)\\i + ||V-s||oo + ||VV-s||2 + \\s + B 
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+ II S + fi lU II V(s + 5) ||2 + II 5s II oo + II II2 + ll^lloo + II 



2 



X II Uj''' 



-W II2 } (4. 



from which fl4.4p follows by fl3.42p and Lemma 3.3. Finally from the commutation 
relation 



iy <x >') ■ Wk + (1/2) (a < X (4.9) 



with 

V < X >^= k<x >''-^ X , A<x >^= k"^ <x >'=-2 -k{k -2) <x >'^-^ 
we obtain 



df \\<x >^ v' 
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< II [<x>\H]v' 



< A;(||< X >'^-^ Vt;' II2 + ||< x >'^"^ fsTt;' II2 + || t;' lb 
from which ( 14. 5p follows. 

Part (2) follows immediately from fl3.43p and from Lemma 3.3. 

□ 

We next derive some estimates of the difference of two solutions of fl2.2ip fl2.24p 
associated with two different v's. We shall use the following notation. Let fi, i = 1,2 
be two functions or operators. We define f± = (l/2)(/i ± /2) so that /i = /+ + /_, 
/2 = /+ — /- and {fg)± = f+g± + f-g^- Let now v'^, i = 1, 2 be a pair of solutions 
of (I2.24p associated with a pair (f j, Sj), i = 1,2. Then v'_ satisfies the equation 

idtv'_ = H+v'_ + H_v'^ (4.10) 

where 

= -(1/2)Aav + (l/2)ir! + Bs^ + g+ , (4.11) 

= iK^ ■ Vk+ + (V2)V ■ + Bs_ + g- . (4.12) 

We can now state the difference estimates of two solutions of (]2.2ip ( I2.24p . 

Lemma 4.2. Let 1 < k <2 and I C (0,1]. Let Vi E C{I,V''), i = 1,2 and let 

y = y{t) = Max\\v,{ty,V''\\ . (4.13) 

t=l,2 
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(1) Let Si e C{I,H^+^), i = 1,2, and let v[ G C{I,V^), i = 1,2, be solutions of 
\2.24^ associated with (fj, Sj). Then the following estimate holds for all t & I : 

\dt II v'^ II2I < C{ (II u^-'s_ h +y\\v- II2) II II2 

+ ( II s- II2 (11 s+ Hoc + y\\v- II2 (11 uj''-\s+ II2 +y^) 

+ II V ■ s_ II2 +y II v_ II2 ri+^'^-i)/^) II v'^ lU } . (4.14) 

(2) Let ifi, i = 1,2, satisfy \2.21\) with v = Vi. Then the following estimate holds 
for all i > and for all t & I : 

II 0J%ip- II2 < Cy II V. II2 . (4.15) 

Proof. Part (1). From (14.101) we estimate 

\dt II v'_ II2I < II H_v'^ II2 < II K_ II V< II,, 

+ ( II S_ II2 II K+ lloo + II 5_ II K+ 11^2 

+ II V-s_ II2 + II Bs- II2 + II g- II2) II lloo 

with ri = 2/{k — l),r2 = 2/{2 — k), from which (14.141) follows by (13.421) and Lemma 
3.3 which implies in particular 

II \\r, < C II u^-^'K^ II2 < C(|| u^-h- II2 + II V. II2 II v+'V"" 11) , 
II uj^'^B. II2 < C t-^ II V. II2 II f+; V^' II . (4.16) 

Part (2). dHSD follows immediately from (13:431) and fjiTTHl) . 

□ 

We now turn to the study of the Cauchy problem with finite initial time for 
the auxiliary system (I2.2ip (I2.22p . The first step is to solve that problem for the 
linearized system (12.241) . 

Proposition 4.1. Let 1 < k < 2 and I C (0,1], let to e I and v'q G V''. Let 

V G C{I,V'^) and s G C{I,H^^^). Then there exists a unique solution v' G C{I ,V^) 
of the system Iji2.24\ ) with f'(to) = ^o- That solution satisfies the estimates ( f^.il )- 
Iji4-4\ l of Lemma 4-i, po-f^t (1). The difference of two such solutions satisfies the 
estimate ^4-^4^ of Lemma 4-2, part (1). Uniqueness actually holds in L°°{I,V^). If 
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in addition v'q G S^, then v' G C(/, S'^) and v' satisfies the estimate 

That proposition can be proved for instance by a parabolic regularization fol- 
lowed by a limiting procedure. A similar result in a more complicated context 
appears in Proposition 4.1 of [5]. 

We now turn to the main technical result of this section, namely the existence 
of solutions of the auxiliary system fl2.2ip fl2.22p with sufficiently small initial time, 
defined down to time zero. 

Proposition 4.2. Let 1 < k <2 and let Vq G V'' with \\ vq] \\ = a. Then 

(1) There exists tq, < tq < 1, such that for any tq, < tq < Tq, there exists a 
unique solution {v,(p) of the system h2.21\) h2.22^) with (t>,(y9)(ro) = (fo,0) and such 
that w G (C n L^){I,V^), where I = (0,ro]. Furthermore ip G C{I,H^) and {v,(f) 
satisfy 

II v;L°°{I,V'') II < C a , (4.17) 
II h <C a' _ in t) (4.18) 

for all i > and all t E I. The time Tq depends on a according to 

^_(fc-l)/4 ^^^^g^ 

In particular one can take tq = 1 for a sufficiently small. Uniqueness holds 
actually under the condition v G C(/, V''). 

If in addition vq G S^, then f G (C fl L°°){I, S'^) and v satisfies the estimate 

II v;L^{I,J:^) II < C II vo;^'' \\ . (4.20) 

(2) The map vq — > {v, (f) is continuous for fixed tq on the bounded sets ofV^, from 
the iF'-norm of Vq to the norm of {v, (p) in L^{J, H^' © Hi^) for any k' , < k' < k 
and any i > 0, and in the weak ic sense in L°°{J, © Hi) for any interval J CC /. 

If in addition vq G T,^ , the continuity ofv extends to norm continuity in L^{J, S'^') 
for any k' , < k' < k, and to weak ^ continuity in L°°(J, S'^) for any interval 
JCC /. 

Proof. Part (1). The proof consists in showing that the map T : v ^ v' defined by 
Proposition 4.1 with v'{to) = v{to) = vq and s{tq) = is a contraction on a suitable 
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bounded set 7^ of (C n V'') for the norm in L°°(/, L^), where / = (0, tq]. We 

define 

n= {ve{Cn L°°){I, V'') : v{to) = vo, II v; L°°{I, V'') \\ < y} (4.21) 

for some constant Y to be chosen later. 

We first show that 71 is mapped into itself by T. Integrating (14. 6p between tq 
and t, we obtain 

II oo's II2 <CY^ U-m+i-k)+ _ £^ A (4 22) 



for all £ > and all t E I, so that in particular 

II Vs lloo < II i^Vs 111 < C yH^-^ . 

Let now 

y'^y\t)^\\v\ty,V''\\ . (4.23) 
Substituting the previous estimates into f l4.2l) -( l44l) . we obtain 

|<9t II a;^' II2I <C{l + Y\l-ent))y' , (4.24) 

dt II io'v' h\ < C {y^ + ^^-m-kU ^int)) y' (4.25) 

9^ II io'^-^xv' II2I < C (1 + t'^-s + y4 |^^-(3-2fc)+ ^ ^)2jj ^/ ^ (4 26) 
Integrating fl4.24p - fl4.26p over time yields 

y'it) < a exp {C (ro + FV^^-^)/^ + Y^r^^' {r,-^'/'-'^- - in To)) } (4.27) 
so that by choosing Y = Ca, taking tq sufficiently small according to 

^2 ^(fc-i)/2 ^ ^ (4 28) 

for suitable constants C and using the fact that 

A;/2 - (3/2 - A;)+ > A; - 1 (4.29) 

we obtain 

Y' = II y';L°°{I) \\ <Y . (4.30) 
This proves that TZ defined by fl4.2ip is mapped into itself by F. 
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We next prove that F is a contraction for the norm in L°°{I,L'^) on TZ. Let 
Vi & TZ and v[ = Tvi, i = 1,2. We estimate the difference v'_ by Lemma 4.2. From 
( I4.15p . we obtain 

II cu's_ \\2<CY yi t-i+e^-^)/^ (4.31) 
for all £ > and all t G /, where 

F_ = II v_;L^{I,L^) II . 

Substituting (14.311) into (I4.14p and using the fact that t>^ G 71, we obtain 

dt II v'_ h\ < c r_ (r^ t-^+ik-m _^ 1"'+"/' ^r^v^-k)^ -int)) 

so that by integration over time 

YL ^\\v'_; L^il, L') \\<CY^ [y' rf^^' + Y' rl'^ (r,^^'^-''^^ - in r,)) . 

Taking again tq sufficiently small according to (I4.28P (possibly with a smaller con- 
stant) and using again (I4.29p . we obtain 

YL < (i/2)r_ 

which proves that F is a contraction for the L°°{I,L'^) norm on TZ. Together with 
the fact that TZ is closed for that norm, this proves that F has a unique fixed point 
in 7Z. Uniqueness for v G C{I, V'^) follows from similar estimates. 

The last statement follows by integration of (14.51) . using the fact that 

Ik X >^-^ Vv II2 < C II v:!:'' II . 



Part (2). Let Vi, i = 1,2, be two solutions of the previous type of the system (I2.2ip 
(I2.22P with different initial data Voi, i = 1,2. We estimate f _ in L°°{I , LF') by using 
again Lemma 4.2, where now v[ = Vi, but v^{to) = t>o_ = (l/2)(t>oi — ^02) 7^ 0. By 
the same computation as in the contraction proof, we obtain 

Y^< 2 II vo^ II2 

which proves the continuity of v from to L°°{I,LP'). The remaining continu- 
ities follow therefrom by interpolation with boundedness of v in L°°{I,V^) or in 
L°°{I, S'^), from standard compactness arguments and from (14.151) . 

□ 
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Remark 4.1. We have considered the Cauchy problem for the system fl2.2ip fl2.22p 
with initial condition (/'(tq) = 0. One could easily take instead an initial condition 
ip{To) = ifQ for some ifQ E H^^"^ satisfying (I4.18P for < ^ < + 2 and t = tq. The 
solutions thereby obtained would exhibit continuity properties with respect to ipo 
and tq. 

We next derive asymptotic properties in time of the solutions of the auxiliary 
system ( I2.2ip (12.220 obtained in Proposition 4.2. We prove in particular the exis- 
tence of a limit f+ of v{t) when t —>■ (the subscript + is used here with a different 
meaning from that used when comparing two solutions) and we provide two asymp- 
totic forms of the phase ip. The first one is more accurate while the second one has 
a simpler form. 

Propostion 4.3. Let I < k < 2. Let (v, Lp) be a solution of the system \2.22\) 
as obtained in Proposition 4-2 and let 



where I = (0, tq]. Then 

(1) There exists Vj^ G such that v{t) tends to Vj^ when t — > 0, strongly in V^'^ 
for < p < 1 (and in particular in H^'^) and weakly in . Furthermore 



Y = II ^;;L°°(/,r'=) 



(4.32) 



II v+-V^ II < lim inf || v{t)-V^ \\ < Y 



(4.33) 



and the following estimate holds for alltEl 



V{t)-Va{t)-K 



k-1 



< c r=^(i + r2)t'=/2 



(4.34) 



where 




Similar estimates hold in V^'^ , < p < 1, by interpolation between \4.32\) ^-33^ 



If in addition t> G (C fl L°°){I, S^), then f+ G and t>+ satisfies 



v+;i:'' II < lim inf || t;(t);S'= 
II — II \ /I 



(4.36) 



Furthermore v{t) tends to f+ when t ^ strongly in T^^' for < k' < k and weakly 



in S^. 



26 



(2) Define ipi{t) by 

dtipi=BL{va) , </^i(l) = 0. (4.37) 

Then there exists G forO < £ < 3k — 2 such that (p{t) —(pi{t) tends to ipi^ in 
for all such I when t ^ 0. Define (fa = fi + Then the following estimates 

hold for all such i and all t ^ I : 

II J {ip{t) - ^a{t)) h < C Y\l + y2)t^72-(^/2+i-fc)+ ^ (4_3g) 
II cuVa(t) h<C Y\l + Y') (t-W2+i/2-fc)+ . (4.39) 



(3) Define 

(^2(t) = (in t)x ■ B{v+) . (4.40) 

Then there exists ip2+ ^ for < £ < 2k — 1 such that (f{t) — (p2{t) tends to il)2+ in 
for all such £ when t ^ 0. Define ipb = ip2 + ip2+- Then the following estimates 
hold for all such £ and all t E I : 

II J _ II2 < C r=^(l + Y^f tfc/2-(i/2)(£+i-fc)+ ^ (4_4i) 

II uj'^t) \\2<CY\l + Y^f ^-W2+i/2~/c)+ (442) 



Proof. Part (1). Let v = U{—t)v. Then v satisfies the equation 

idtv = U{-t) {i{s + B)-Vv+ ((z/2)V ■ s + {l/2){s + Bf + Bs + g) v} . (4.43) 
By Lemma 3.1, Lemma 3.3, fl3.42p and (14.181) . we estimate 

II uj%v II2 < C{ (11 u'+^-\s + B) II2 + II Lu'+''\s + B) lU) II uj^'v II2 
+ (11 c^^V ■ s II2 + II c<;^(s + 5)2 II2 + II cu^55 II2 + II cu^^ II 2) (II f II 00 + ||Vt;||2)} 

< C [Y^ (^t-W2+3/2-/c)+ _ £^ + y5 (^^-W2+5/2-2fc)+ ^ ^)2^ | 

< C Y\l + Y^) (^t-W2+3/2-/=)+ + ^)2^ < ^ + r2)^-l+fc/2 (4 44) 

for < £ < /c — 1. Let now Q <ti <t2 <tq. Integrating (14.441) over time yields 

II v{t2) - v{t,y, H^-^ II < C Y\l + F2)t^/2 . (4.45) 

From (14.451) it follows that v{t) has a limit v+ in H^~^ when t — > and converges to 
that limit according to (I4.34p . Together with uniform boundedness of f in V^'^, this 
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implies that E V'', that t>+ satisfies (14.331) . and that v{t) converges to in the 
convergences stated in Part (1). Similar arguments apply with V'' replaced by S^. 

Part (2). From (Km (lOTIl we obtain 

dt{ip-ipi) = Bl{v -Va,V + Va) . (4.46) 

Using (I3.43P and Lemma 3.3, we estimate 

II -Vl)\\2< C II u'^'^-'^-^iv - ^0 II2 

< C rl-W2 + l-fc)+ II y _ y^. //fc-l II II ^ + y^. \\ 

< C ¥""{1 + y2^|^-l+fe/2-{<?/2+l~fc)+ [AAl) 
for £ > 0. Integrating fl4.47p over time yields 

II J i^ih) - Mt2) - Viti) + ¥^i(ti)) II2 < C Y\l + y2)^fc/2-W2+i^A.)+ ^4_48^ 

for < £ < 2fc — 3, which implies the existence of ipi^ and the estimate fl4.38p . The 
estimate fl4.39l) follows from fl4.18l) (14.381) . from the inequality 

k/2 - (£/2 + 1 - A;)+ > (A; - l)/2 - (£/2 + 1/2 - k)+ 

and from the fact that r2^(fc-i)/2 < by flTTTD flCTj) . 



Part (3). From fOTI) flCTD it follows that 

dt (<^i - V2) = Bl {va - v+, Va + v+) - Bs{v+) . (4.49) 

We estimate 

II u'^BL{Va-V+,Va + Vj,) Ha < C t"^ \\ Va - V+ Ha || Va + V+]V'' \\ 

<CY^ i-i+fc/2 for < £ < A; - 1 (4.50) 
by Lemma 3.3, which together with (I3.43p yields 

II u'Bl {Va - Va + V+) h < C t-lW2-(l/2)(£+l-.)+ 

for i > 0. On the other hand 

II u^BsM h < CY^ ^-i+k-i/2-i/2 for £ < 2A; - 1 (4.52) 
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by Lemma 3.3 and (13.421) . so that 

II uj% (^1 - ip2) h < CY^ ^4_53) 

for < i < 2k — 1. Combining (14.531) with (I4.47P and using the same arguments as 
in the proof of Part (2) yields the existence of ^/'2+ and the estimate (14.411) . which 
together with KIM yields (I02D . 

□ 

Remark 4.2. From (I4.44p one can obtain slightly better estimates of || uj^{v — Va) II2 
for < i < k — 1, which imply slightly better estimates of || u!^{ip — fa) II2 for 
0<£<2(A;-1). 

We now turn to the Cauchy problem with finite initial time for the original 
system (11.11) and we state the results on that problem that follow from the re- 
sults for the auxiliary system contained in Propositions 4.2 and 4.3. We recall that 
u{t) = U{-t)u{t) = Fuc{l/t). 

Proposition 4.4. Let 1 <k <2 and let uq G FV'' with \\ uq; FV^ \\ = a. Then 

(1) There exists Iq > 1 such that for any to > to there exists a unique solution 
u of the system U.l\) with u G C{I,FV^) and u{to) = U{to)uo, where I = [to, 00). 
The time to depends on a according to 

a<C tt^^'^ . (4.54) 

In particular one can take to = I for small a. The solution u satisfies the following 
estimate 

II u{t)- FV^ II < C S (1 + a\l + in t)f''^''^ (4.55) 
for all t E L Define in addition ip and 9 by 

ip{l/to) = , dtip = Bl{u,) forO<t< I /to , (4.56) 

e{t) = -DoitMl/t) for t>to. (4.57) 
Then the following estimates hold for all t E I 

II uj'e{t) II2 < C S2 t'-' (tW2+i/2-fc)+ +int) for£>0, (4.58) 
II U{-t)u{t)exp{te{t)y,L°°{I,FV'') II < Ca. (4.59) 
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// in addition uq G S'^, then u, u E C{I, S^) and u satisfies the estimates 

II uit); Tl" \\ <Ca(l + a^(l + ln{l + |t|)))''''^^^ (4.60) 

for all t E I, 

II u{-t)u{t)exp{ie{t)y,L°°{i,j:'') || < c s (4.61) 

where now a = \\ uq; || . 

(2) The map uq ^ u is continuous for fixed to on the bounded sets of FV^ from 
the norm of uq to the norm of u in L°°{J, FH'^') for < k' < k and in the 
weak ic sense in L°°{J, FV'^) for any interval J CC /. // in addition Uq G T,^ , 
then continuity holds on the bounded sets of to the norm of u in L'^{J,Tl'') for 
< k' < k and in the weak * sense in L'^{J, S^). 

(3) Let Uq G with a = \\ uq', \\ sufficiently small. Then there exists a unique 
solution u of the system ( f i. ij) with u, u E C{IR, S'^) and u{0) = uq. That solution 
satisfies jj-dO^ for all t E IR. 

Proof. Part (1). We first prove the existence of a solution witli tlie properties 
stated. Let tq = 1/to and 

^^0 = UiTo)vo = Uil/to)FTo . (4.62) 

Let [v, (p) be tlie solution of tlie system fl2.2ip fl2.22p obtained in Proposition 4.2 
with {v, (p){to) = (t>o, 0). Such a solution exists for tq < tq and tq satisfying (14.191) . 
Now by (EH) 

a = II vo; V'' \\ < 2 || ^^o; l^'' || = 2 || uq] FV'' \\ = 2a (4.63) 

so that (14.191) follows from (I4.54p (with a different constant). Define u by (12. 6p 
(I2.16p . Then u solves (II. ip in / = [to, oo) with u(to) = U(to)uo, and ip satisfies 
(I4.56P because Bl{v) = Bl{uc), so that ip can actually be defined in terms of u by 
(I4.56p . Furthermore 

U{-t) u{t) exp{i9{t)) = Fv{l/t) . (4.64) 

The regularity of u follows immediately from that of (f , (p) through fl2.6l) fl2.16p . The 
estimates (I4.58P (14.590 are essentially a rewriting of (14.180 (14.171) . We next derive 
fH35|) . Now by ([31]) 

||M(t);FV'=|| = II e,(l/t);V'= II < 2 II M,(l/t);V'= II 

= 2\\{vexY>{-i^)){l/t)]V^ \\ (4.65) 

30 



and we estimate the last norm by using fl4.17p (14.181) (I4.63P and Lemma 3.4, part 
(1) with m = (2A; - 1) A 2. This proves (14351) . 

We finally prove uniqueness of u by estimating the norm of the difference of 
the pseudo conformal inverses Ud, i = 1,2, of two solutions Ui, i = 1,2. From (12.91) . 
by a simplified version of Lemma 4.2, part (1), we estimate 

\dt II 1I2I <c (rV + y") II II2 (4.66) 

where 

y = y{t) = Max\\ u,,{ty,V'' \\ 

from which uniqueness follows immediately. 

The additional properties of u for uq G S'^ follow immediately from the last 
statement of Proposition 4.2, part (1) by similar arguments. 

Part (2) follows immediately from Proposition 4.2, part (2). 

Part (3). By (I4.54p . for a sufficiently small, we can take = 1 in Part (1) of this 
proposition. Applying that result, we obtain a solution u of the system (11.11) with 
u{l) = Uq and u G C([l, 00), S'^) provided 

5> = II f/(-l)Mo;S'= II <a (4.67) 

for some a sufficiently small. Since the system (11.11) is time translation invariant, by 
translating the previous solution by —1 in time, we obtain a solution u> with u>(0) = 
Uq and t/(— l)tt> G C([0, 00), S'^), or equivalently tt> G C([0, 00), S'^), satisfying the 
estimate (14.601) for all t > with a replaced by a>. Since the system (II. ip is also 
time reversal invariant, we can construct similarly a solution m< with m<(0) = Uq 
and «< G C((— 00, 0], S'^), satisfying the estimate (I4.60p for alH < with a replaced 
by a<, with 

a< = II t/(l)Mo;S'^ II < a • (4.68) 

Taking u{t) = u^{t) for t^O yields a solution u of the system (ll.ip with u{0) = uq 
and u G C{IR, T,^), satisfying the estimate (I4.60p for all t G -ffi with a = a^M a<. 
Finally by (13. lip , the conditions (I4.67P (I4.68P can both be satisfied by taking 
II Mo; II sufficiently small. 

□ 
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Remark 4.3. Proposition 4.3 allows one to take arbitrarily large Uq G S'^ by taking 
to sufficiently large according to fl4.54p . thereby generating some large initial data 
'1*0 = U{to)uo in S^. However one cannot accomodate arbitrarily large Uq G E*^ since 
for fixed Mq G and to large 

||< X Mo II2 = ||< a; + itoV >^ uq h ~ to || uq; \\ 

and taking to large is of no help in order to fulffil (I4.54p . 

We now turn to the asymptotic properties of the solutions obtained in Proposi- 
tion 4.4 that follow from Proposition 4.3. 

Proposition 4.5. Let 1 < k < 2. Let u be a solution of the system ( fi.ij) as obtained 
in Proposition 4-4> ^ be defined by lli4-56[ ) i4-51\) and let 



Y = II U{-t) u{t) exp(ie(t)); L°°(/, FV'' || (4.69) 

where I = [to, 00). Then 

(1) There exists m+ G FV'' such that U{—t)u(t) exp{i9{t)) tends to m+ when 
t 00 strongly in FV^'^ for < p < 1 (and in particular in FH^~^) and weakly in 
FV^ . Furthermore 

II u+]FV^ II < lim inf || f/(-t) u{t) e^^{ie{t))] FV^ \\ < Y (4.70) 

t — ^00 

and the following estimate holds for all t & I : 

\\< X >^-^ {U{-t) u{t) exp{te{t)) - u+) II2 < C Y^{1 + f2)t-'=/2 _ (471) 

If in addition u G C(/, S'^), then n+ G S'^ and U{—t)u{t) exp(i^(t)) tends to when 
t — ^ 00 strongly in S'^' for < k' < k and weakly in S'^ . Furthermore 

II u+; II < lim inf || U{-t) u(t) exp(z^(t)); S'^ || . (4.72) 

t 5- 00 



(2) Let (fa be defined as in Proposition 4-3, part (2) with Vj^ = Fu+ and define 

Bait) = -Doit) ipail/t) , (4.73) 
Uait) = exp{-te,{t))Uit) u+ . (4.74) 

Then Ua satisfies the estimate 

II Ua{t)- FV"" II <CY{i + {Y\l + y')(l + In t)f'''"^) . (4.75) 
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Furthermore u behaves asymptotically as Ua for large t in the sense that u — Ua tends 
to zero when t — > oo strongly in FV'''^ for < p < 1 (and in particular in FH^~^). 
The difference u — Ua satisfies the estimate 

\\< X >'-^ {u{t)-Ua{t)) II2 < C Y\l + Yy{l+tn t)t-^/^ (4.76) 

for all t & I, and similar estimates in FV'^'P , < /9 < 1, obtained by interpolation 
between ( [^. ygp and the estimates ( [^.55p ( [^.75] ) in FV'^. If in addition u G C(/,S'^), 
then Ua satisfies an estimate in S'^ similar to ( [y^. 75 ) and u — Ua tends to zero when 
t ^ 00 strongly in S'^' for < k' < k. 

(3) Let be defined as in Proposition 4-3, part (3) with = Fu+ and define 

e,{t) = -Do{t) Ml/t) = Do{t) {{in t)x ■ B(F^) - ^2+) , (4.77) 

Ub{t) = exp i-iObit)) U{t) u+ . (4.78) 
Then Ub satisfies the estimate 

II Ub{t); FV' II < r (1 + {y\1 + Y')\l + in t))'^^'^'^'^^ (4.79) 

for any e > 0. Furthermore u behaves asymptotically as Ub for large t in the sense 
that u — Ub tends to zero when t 00 in FV^'^, < p < 1 (and in particular in 
pffk-ij^ rpj^^ dijj^j-QjiQQ u — Ub satisfies the estimate 

II < X >^-^ {u{t) - Ub{t)) II2 < C Y^l + F2)3(i + in t)t-''/^ . (4.80) 

for all t E I , and similar estimates in FV^'^ , < p < 1, obtained by interpolation 
between ^4.80^ and the estimates ( [,^.55] ) ^4-79^1 in FV^ . 



If u E C{I, S^) a similar reinforcement occurs as in Part (2). 

Proof. Part (1). The solution u is obtained from a solution {v,ip) of the system 
( I2.2ip fl2.22p as in the proof of Proposition 4.4 and u satisfies f l4.59p with 6 defined 

by gSHD gSZD- 

The existence of the limit u+ and the convergence properties of Part (1) are a 
rewriting of the corresponding properties in Proposition 4.3, part (1) with u+ = Fv+. 
The estimates ( HTO|) (l4TT]) KTM follow from (031) fOij) Km . from the relations 

II U{-t) u{t) exp{ie{t)) - u+; FH''-^ \\ = \\ d{l/t) - v+; H''-^ \\ , (4.81) 

Y = II v;L^{{0,To];V') || < 2 || v; L°^{{0,to],V') \\ = 2Y , (4.82) 
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by ^M) fICTD flCTj) . and a similar one with replaced by S^. 



Part (2). The definition (14.741) of Ua is actually a rewriting of 

Ua{t) = FUcail/t) 

with 

Uca = Vaexp{-i(pa) , Va{t) = U{t)v+ , 

in analogy with (12. 6p (12.161) . Therefore 

II Ua{ty,FV' II < 2 II (t;„exp(-2<^J) || (4.83) 

by (ESI), which implies (l4T5i) by Lemma 3.4, part (1) with m = {2k - 1) A 2, (l433l) 
flCT]) (02]) . Similarly 

II u{t)~Ua{t);FH^-^ II = II (i;exp(-z(^) -t;,(exp-z(^,))(l/t);if^-i || . (4.84) 

In order to prove (14.761) . we write 

vexp{-i(f) -Vaexp{-i(fa) =v^exp{-i(f) , 
= V - Va + Va{l - exp^ii/j)) 

with ip = (f — (fa and for 0<£<A; — 1, we estimate 

II uj%^exp{-iif) II2 < C II uj^v^ II2 (1+ II Vv? II2) , (4.85) 

II II2 < C (11 07^(^7 - t;,) II2 + (II Va Hoc + II "^Va h) \\ Uj'i^ h) (4.86) 

by Lemma 3.1 and (I3.16p . which implies that || exp{iilj) II2 < || cu^'?/' ||2- We con- 
tinue fOS]) K86\f by using KTTh KT8\f KSStl fICTD flCT]) Km . Substituting the 
result into (14.841) yields (14.761) . which by interpolation with (I4.55P (14.750 completes 
the proof in the case of FV'^. 

The proof in the case of T,^ is similar. 

Part (3). The proof of (14.790 is essentially the same as that of (I4.75P with the 
estimate (I4.39P replaced by (14.420 . The occurrence of e > in the exponent for 
< 3/2 is required by the fact that (14.420 holds only for £ < 2A; — 1, the limiting 
case being excluded. Similarly the proof of (I4.80p is essentially the same as that of 
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fliTfejl . with flCT]) replaced by fICTD . Note in particular that fOHj) fOTD are used 



in those proofs with i < k — 1 and yield the same time decay in that case. 

□ 

Remark 4.4. In Parts 2 and 3 of Proposition 4.5, the convergence of u—Ua to zero as 
t — i> oo can be extended to weak convergence in FH^ for solutions in C(/, FV^) and 
to weak convergence in for solutions in C(/, S'^). This follows from convergence 
in FH^~^ and from uniform boundedness of m — in FH'' or in S'^. The latter 
follows from uniform boundedness of f ^ exp{—i(f) in if^ or in S'^, which can be 
easily derived from the available estimates. 

5 The Cauchy problem at initial time zero for 
(v,(/}) and at infinity for u 

In this section we solve the Cauchy problem for the auxiliary system fl2.2ip fl2.22p 
with prescribed asymptotic behaviour at time zero and for the original system (11. ip 
with corresponding prescribed asymptotic behaviour at infinity. The main results 
are contained in Proposition 5.6 for the system fl2.2ip (12.220 and in Proposition 5.7 
for the system (11.10 . In this section we use only the spaces V'^ for v and FV^ for u. 
The specialization of the results to the space T,^ is straightforward and will not be 
considered. We start with a uniqueness result for {v,ip). 

Proposition 5.1. Let 1 < k < 2. Let < r < 1 and I = (0, r]. Let (t>j, Lpi), i = 1,2, 
be two solutions of the system ^2.21\) ^2.22\] with Vi e C{I,V'') and v?i(io) e -f^>^^ 
for some t^ E F Assume that 

II Vi(t)]V'' II < ail -In ty (5.1) 

for all t E I and 

Sup hi{t)-^ II vi{t) - V2it) = F < oo (5.2) 
tei 

for some constants a, Y and a > and for some nan decreasing function hi G 
C{I, iR^) satisfying 

f 

Jo 

for all t E I, and 



dt' t'-l-(3-'=)/2(i _ ^ly ^^(^^'^ < (J ^-(3-fc)/2(^ _ ^^a ^^^^^ ^5 3^ 



linit^(3~^)/2(l - in ty hi{t) = . (5.4) 
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Assume in addition that 

lim(^i(t)-^2(t))=0. (5.5) 

Then {vi,ipi) = iv2,^2)- 

Proof. We define again {v±, ip±) = {l/2){vi ±V2, (pi ± ^^2) and we estimate (f_, </)_) 
by Lemma 4.2. We first estimate From fl4.15p (15.11) (15. 2p it follows that 

II uj^dtif- II2 < C a Y{1 - £n tf r^'iVm+i-k)+ (5_g) 

for ^ > 0. From flO) fl5^ fl53|) it follows that has a limit in Hi when t ^ 0, 
which gives a meaning to the assumption (15. 5p . Furthermore 

II cuV-(t) II2 < C a Y{1 - in t)° t-(i/2)(€+i-fc)+ /^^(^) (5,7) 

for < £ < 2 and all t & I. On the other hand, by integrating (14. 6 p between and 
t, we obtain 

II wV.(t) II2 < C a2(l - in tf^ (t-W2+i/2-fc)+ _ t) (5.8) 
for £ > 0. We next estimate V- by Lemma 4.2. From (14. 14p (15.11) (15. 8p we obtain 
\dt II v_ II2I < C a(l - £n t)°{ || cu^^V- II2 + || c^V- II2 
+ a(l - in ty t-(3-fc)/2 II y_ 1I2 + a2(i _ in tf" (^^-(3/2-/=)+ _ £^ || 

+ a%l-in t)3"+i II II2 } . (5.9) 
From dSSD (I52D we then obtain 

\dt II II2I < C a'il - in tf" r(^-^)/' Y hi{t) 

X (1 + a2(l - in t)=^" t^/^ (^t-(3/2-fe)+ _int)) 

< Ca2(l + a2)(l-£nt)2°t-(3-fc)/2y . (5.10) 

Integrating (I5.10p in (0,t] and using (15.20 (15. 3p . we obtain 

r < C a\l + a')(l - £n r)^" r('=-i)/2 y (5.11) 

which implies y = by taking r sufficiently small and therefore f _ = and = 
by (15. 7p . The extension of the proof to larger r proceeds by standard arguments. 

□ 
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We next derive a uniqueness result for solutions of the system (11.11) . That result 
is obtained by applying Proposition 5.1 to solutions of the system (12. 2ip (12.221) re- 
constructed from solutions of the system (II. ip . 



Proposition 5.2. Let 1 < k < 2. Let T > 1 and I = [T, oo) . Let Ui, i = 1,2 he two 

solutions of the system with Ui G C{I , FV'^) , where u{t) = U{—t)u{t). Assume 
that 

II Ui{t)-FV^ II < 6(1 +£n tf (5.12) 

for all t & I and 

Sup h2il/t)-^ II ui{t) - U2{t) \\2= Z <oo (5.13) 
tei 

for some constants h, Z and /5 > and for some nondecreasing function h2 G 
C{Io,IR^) with Iq = (0,T^^], satisfying 

' dt' t'-'~^'-'^^\l ~ en ty^+' h2{t')<Ct-^'-''y^{l-entY^+^ h2{t) (5.14) 
for all t & Iq, and 







limt-(3-^)/2(^ _ t)7/3+2^2(t) = . (5.15) 



Then ui = U2. 



Proof. From Wj, i = 1,2, we reconstruct solutions {vi,ipi) of the system (I2.2ip 
(I2.22p . For convenience, we work with the pseudoconformal inverses Ud, i = 1,2 of 
Ui, defined by (12. 6p . From (13.81) it follows that (I5.12p (I5.13P can be rewritten as 

II Uci{ty,V'' II < b{l-in tf (5.16) 

Sup h2{t)^^ II Ucl{t) — Uc2{t) \\2 = Z < OO (5-17) 

tela 

possibly with a change of 6 by a factor 2. We first define the phases (pi. We define 
ip2 by 

dt ^2 = (5.18) 

with initial condition ip2{to) = for some to G Jq. By integrating (14.61) in [tQ,t\ and 
using (I5.16P we obtain 

II ^V2(t) lb < C h\l - in tf^ _ t) (5.19) 
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for i > and in particular 

\\ u^Mt) h < C b\l - in tf^-^^ foT0<i<2k-l. (5.20) 
We next define (/?_ as a solution of the equation 

dt ip- = Bl{Uci) - Bl{Uc2) = Bl {Ucl - Uc2, Ucl + Mc2) (5.21) 

so that by ([S3SD, by Lemma 3.3 and by (lETCj) (1ET7D 

II Jdt^^{t) II2 < C 6 Z(l - in tf t-i-(i/2)(£+i-fc)+ (5^22) 

for all £ > 0. We can then impose the initial condition v^-(O) = and we obtain by 
integration in (0,t] 

II cjV-W II2 < Ch Z{1 - in tf t-^Vm+i-k)+ i^^^^-^ for < £ < 2 (5.23) 

by fl5.14p . We next define v^i = + V'- so that ipi satisfies the equation 

dt ipi = BlM . (5.24) 

Furthermore (p^ = ipi — ip2 tends to zero when t — >■ in the norms which appear in 
(15:23|) . and it follows from (15:201) (15:231) that 

II c^Vi(^) II2 < C 6^(1 - in tf^+^ for < £ < A; (5.25) 
for i = 1, 2, provided 

Z < _ £^ (5 26) 

which can be ensured by taking t sufficiently small because of ( 15.151) . We next define 

= Mci exp (iiv^i) (5.27) 

so that (t>j, ipi) satisfy the system (12.211) (12.221) since Biiud) = Biivi). Furthermore, 
it follows from (I5.16P (I5.25P and Lemma 3.4, part (1), with m = k that 

lh^(^);V'Nl < C b{l-intf {l + b^{l-intf''+^y 

< C b{l + by{l-intf^+\ (5.28) 

We next estimate || Vi — f 2 ||2- From 

V1-V2 = {uci - Uc2) exp + Uc2 (exp (iv9_) - 1) exp {iLp2) , (5.29) 
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from fl5:T6|) flSTTj) (^23^ it follows that 



vi{t) - V2it) II2 < C Z{1 + - in tfP h^it) . 



(5.30) 



Therefore {vi,(pi) satisfy the assumptions of Proposition 5.1 with 

a = Cb{l + b^f , a = 5(3 + 2 , Y = CZ{l + b^) , = h^il - In tf^ 

so that the conditions (15. 3p 05.41) reduce to fl5.14p 05.151) . It then follows from 
Proposition 5.1 that {vi,ipi) = (f2,V^2), so that Ud = Uc2- 



We now turn to the construction of solutions {v, if) of the system 02.211) 02.22p 
with prescribed asymptotic behaviour {va, ipa) as t ^ 0, with ipa defined by (I2.25P 
and (pa{^) = 0, or equivalently of solutions of the system O2.30p 02.3ip with {w,iIj) 
tending to zero in a suitable sense when t — 0. We first collect some preliminary 
estimates of (Gjip), of {Ba,ipa) and of Hi. 

Lemma 5.1. 

(1) Let Va, w eV'' and let ip satisfy ^2. 3(A) . Then 



\\JG\\2<C\\w-V^\\\\2va + w]V^\\t-^ for0<i<2k-l, (5.32) 

II to^dt^ II2 < C\\w; II II 2va + w- \\ t-i-W2+i/2-fc)+ /or £ > . (5.33) 
(2) Let Va e V'^^ and let if a satisfy [2JR) . Then 

II uj^Ba II2 V t II u^Ba II2 < C II Va] V"^^ f /or < ^ < + 2 , (5.34) 

II Uj'dt^a II2 < C\\ Va, y'^+l f t~l-(l/2)(^-2-/c)+ fori>Q. (5.35) 

Proof. The estimates 05.3 ip 05.32p 05.34p follow from Lemma 3.3. The estimates 
(I533D follow from dSaSD and ^Mj fOl) . 



□ 



JG II2 < G\\w] H'' II II 2va + w; H'' 



forO<e<k + l , 



(5.31) 



□ 



From now on we shall assume that Va satisfies the assumption 




(5.36) 



we define 




(5.37) 
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and we assume that satisfies fl2.25p and (pa{^) = 0, so that by integration of fl5.35p 

II uj'ipa h < C (^t-ii/2)ie-2-k)+ _ for £ > (5.38) 
for all t G (0,1]. 

We next estimate HiVa, where Hi is defined by (12.320 . We rewrite Hi as 

Hi=iL-V + M (5.39) 

where 

M = L-Ka + (V2)V ■ a + {l/2)L^ + G5 + , (5.40) 
gjL = g {w, 2va + w) . 

We shall use the auxiliary norm 

II / \U = II / Hoc V II V/ II2 V II ij'^f II2 (5.41) 

which satisfies 

II /1/2 lU < II /l lU II /2 lloo + II /l lloo II /2 lU 

by Lemma 3.1. 



Lemma 5.2. Let Va satisfy ( 15. 5*6]) with a defined by ( [5.5*7] ). Let I C (0, 1] and let 

we{Cn L°°){i, V''), a G C{i, n iJi n H''+^) with 

II w;L°°(/,F^) II < C a . (5.42) 
Then the following estimate holds for all t E I : 

II HiVa] V'' \\ <C a( II a \l (l+ || a \\^ + a'^{l - in t)) + || V ■ a \l 



+ a\\w; II (^t-i+('=-i)/2 + a2(i _ £^ t)) ) . (5.43) 
Proof. By Lemma 3.1, we estimate 

II HiVa II2 < II L lloo II VVa h + \\ M \\^ \\ Va h 
II xHiVa II2 < II L lloo II xVVa h + || M ||oo || XVa h 
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^'"HiVa h < II to'^L II2 II VVa Hoc + || L \\^ \\ UJ^^'^Va h 
+ II UO^M II2 II Va lloo + II M lloo II UJ^Va h 



oo'-'xH.Va II2 < (II L lU + II VL II2) II uj'-'Vva II2 
+ (||M|U + II VM II2) II cu'^-V II2 



so that 



II i^it^a; V^' II < (lli^ll. + ||M|U)||t;„;y'=+i|| 

< a(|| L II, + II M lU) . (5.44) 

We next estimate 

II L \U < II a \U + II G lU , (5.45) 

II M \l < II L \U (II Ka \U + II L lU) + II V ■ a lU + II Gs h + II \U ■ 

(5.46) 

By Lemma 5.1, fl3.42p and (15.371) . we estimate 

II G lU < C a II w;V'' II < C , (5.47) 
II Gs \U< G a II w; V'' II r'^+C'-^)/^ , (5.48) 
II Ka \U < G a\l -ent) . (5.49) 

Substituting flOTD -f lOOD into flOKl) IKM and substituting the result into flOill 
yields flCT]) . 

□ 

We next give some estimates of solutions w' of the linearized equation fl2.34p 
associated with some w G X{I) where X{I) is defined by fl3.4ip and / = (0, r] for 
some r, < r < 1. Such a w satisfies 

II w{ty,V'' II < Y h{t) (5.50) 

for some Y > and all t E I. The following lemma is a variant of Lemma 4.1. 



Lemma 5.3. Let Va satisfy Ii5. 36\) with a defined by IjiS.SIl ) and let ipa he defined by 



^EM) and ipa{l) = 0. Let < T < 1 and I = (0,r]. Let w G X(J) satisfy ^MW 
for some y > and all t E I , and let r be sufficiently small so that 

Yh{T) < a . (5.51) 
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Let ip be defined by Ii2.30\) with tp{0) = 0. Then if) satisfies the estimate 
II a;V II2 < C a r r^m+i/^-kU /or < £ < A; + 2 . 



(5.52) 



Let w' G C(/, V^) be a solution of the equation ^2.34 )■ Then the following estimates 
hold : 



dt II w' 



< II ^1 



|2 ; 



dtWxw'hl < C {1 + a\l - in t)) \\ w';V'' \\ + || II2 , 



dtWuj^w'h < C a'{l + a'){l-enty Ww';^ \\ + || cj^'i?i II2 
II cj'^-W II2I < C {l + a\l-int)y \\w';V'' \\ + \\ u'^^^xRi 
where Ri = R — HiVa- 



(5.53) 
(5.54) 
(5.55) 
(5.56) 



Proof. It follows from (15331) (1530|) (ICTl) (l339ll that || cu^^tV^ Ha is integrable at 
t = for < £ < A; + 2, which gives a meaning to the assumption V'(O) = 0. The 
estimate (15.521) then follows from (15.331) by integration. Furthermore (15.511) implies 



\\2<C aY h{T) <C for < £ < A; + 2 



(5.57) 



The proof of (I5.53p - (l5.56p is a variant of that of the estimates (14. 2p - (14. 41) of v' in 
Lemma 4.1. We estimate in particular 



\\v]V^\\<C a , 

II II2 < II uj^Sa II2 + II ^^o- II2 < C a^(l - (in t) 

for < £ < + 1 by fl538D fl537l) . Furthermore 

II cj^5 II < C for < £ < A; + 1 , 

II uj^g II < C for < £ < A; 

by (15361) (15301) (I53TD and Lemma 3.3, while 

II uj'Bs II < t'^^+^-'^Z^ II ^'=+25, II2 + t'^-^/^-i/a II ^2^.-1^ 
< C (a^ t-'Mk+2-e)/2 t-'+k-e/2-i/2 
for < £ < 2A; - 1 by (l332|) (i532|) (ICTj) . so that by (i53TD 

II II < C for < £ < A; . 



(5.58) 

(5.59) 
(5.60) 



(5.61) 
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Substituting fl5.58p - fl5.61l) into the analogues for w' of the estimates in the proof of 
Lemma 4.1, in particular fg^D fgS]) yields fl533|) - fl536|) . 

□ 

We can now state the existence results of solutions of the linearized equation 



Proposition 5.3. Let \ < k < 2. Let Va satisfy ( 15. 36]) with a defined by ^5.31^ 



and let be defined by Ii2.25\) and (fa{^) = 0. Let < r < 1 and I = (0,r]. Let 
w & X{I) satisfy Ii5. 50\) for some Y > and allt E I and let t be sufficiently small 
to ensure h5. 51\) . Let R be defined by l\2. 3!^) and satisfy 

II R;L\{0,t],V'') II < r h{t) (5.62) 

for some r > and all t E I. Then there exists a unique solution w' G X{I) of the 
equation \2. 34\j and w' satisfies the estimate 



II w'{t)-V'' II < (l + C(a)t(l - In tf) (r + C{a)Y tC^-i)/^) h{t) (5.63) 
for some constant C{a) depending on a and for all t E I . 

Proof. Let < to < and let be the solution of fl2.34p in C(/, V'') with initial 
condition ^^^(to) = 0. That solution is obtained by a minor variation of Proposition 
4.1 including the inhomogeneous term Ri. We shall construct w' as the limit of 
when to — ^ and for that purpose we need estimates of w[^{t) in for t G [to, t] 
that are uniform in to. From Lemma 5.2, especially fl5.43p and from (15.501) (15.521) . 
we obtain 

II HiVa] II < /ii(t) = C a' r (l + a' t^l'^iX - in t)) t^^^'^^^/^ ^^^^ _ ^^ q^-^ 

On the other hand, from Lemma 5.3, especially fl5.53p - fl5.56p and from fl5.62p fl5.64p . 
we obtain 

II w'it); V II ^ yit) < f f,{t') y{t') dt' + f,{t) (5.65) 



where 



fi{t) = C{l + a^{l-int)f (5.66) 



f2{t) = rh{t) + / dt' hiit') 
Jo 

< (r + C a' y (l + t'^^{l - in t)) t^'^"'^/^) h{t) (5.67) 
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by fl339|) (15:641) . Integrating fl535D with y{to) = yields 

yit) < £ dt' h{t') hit') exp dt" + f2{t) . (5.68) 

Substituting (15:661) (15:671) into (15:68|) yields 

y{t) < (^l + C(l + a2(l-£nt))%^exp (^C (l + 0^(1 - £n 

X (r + C Y (l + a^ - in t)) t^'^-^^^^ h{t) < C(a, Y)h{t) (5.69) 

uniformly in to- That estimate is of the form of (15.631) . We now take the limit of 
when oo. Let < to ^ i^i ^ From the conservation of the norm of 

the difference of two solutions of (I2.34p . it follows that 

II <(i) -<W lb = II <(ii) II2 < C{a,Y)h{U) (5.70) 

for all t G [ti,T]. It follows from (15.701) that w[^^ converges in L'^^{I,L'^) to a hmit 
w' G C{I,L'^). From that convergence and from the uniform estimate (I5.69p . it 
follows that w' G C(J, H^') H (C^ H L°°)(J, V^) ior < k' < k and that w't^ converges 
to w' in L^^{I, H^') norm and weakly in V'^ pointwise in time. From the previous 
convergences and from the uniform estimate ( 15.691) of w'-f.^ , it follows that w' satisfies 
the same estimate in /. Clearly w' is a solution of (12.341) . It then follows from an 
inhomogeneous extension of Proposition 4.1 that w' G X{I). Finally the estimate 
(15.63P is a simplified version of (15.690 . 

□ 

We can now derive the existence of solutions of the nonlinear system ( 12.30p ( 12.3ip . 

Proposition 5.4. Let 1 < k < 2. Let Va satisfy ( (5. 36\) with a defined by ^5.31\) and 
let (pa be defined by /12. 25\) and fa{^) = 0. Let R be defined by /12. 33\) and satisfy 
( 15. 62\) for all t G (0, 1]. Then there exists t, < t < 1, depending on (a, r) and 
there exists a unique solution w G X{I) of the equation Ii2. 31\) with ip satisfying 
1^2. 30\} and ip{0) = 0, where I = (0,r]. In particular w satisfies ( (5. 50\) for some Y 
depending on (a, r) and for alltEl and ip satisfies ( 15. 52\) for all t E I . 

Proof. Let < r < 1. For r sufficiently small, Proposition 5.3 defines a map 
r : w —>■ w' from X{I) into itself. We shall show that for r sufficiently small, the 
map F is a contraction on the subset 71 of X{I) defined by (I5.50p for a suitable 
choice of Y in the norm considered in Proposition 5.1. 
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We first ensure that TZ is stable under F. From fl5.63p it follows that 

II w'- X{I) II < (l + C{a) r(l - en r)') (r + C{a)YT^'''^^^^) (5.71) 

and this can be made smaller than Y by taking Y = 2r and r sufficiently small. 
We next show that F is a contraction on TZ for the norm of w. Let Wi eTZ and 
w[ = Twi, i = 1,2, let w± = (l/2)(wi±W2) and similarly for w'^^. All those quantities 
belong to TZ. We define the norms 

r_ = Sup h{t)-^ II w4t) II2 (5.72) 

= Sup /i(t)"^ II w'^t) II2 (5.73) 

and we estimate Y^ in terms of Y_ by Lemma 4.2 with = w+ = + w+, 

= f a + w^, s_ = cr_, s+ = Sa + 0"+ and ?/ defined by fl4.13p . From fl5.37p fl5.50p 
fl53Tl) it follows that 

yW \\v+;V''\\ V \\ v'_^;V'' \\ < C a . (5.74) 
From fOgj) fl332]) fICT]) it follows that 

\\ uj^s+ y < C a'^{l - int) foTO<i<k+l. (5.75) 
From fjiTTSj) it follows that 

II II2 < C a F t-(^+2-'=)/2 for < £ < 1 . (5.76) 
Substituting (l574D - fl5T6D into fITOp yields 

5t II II2I < C a^Y_{l + - en t)) r^^-^^'^ h{t) (5.77) 
and therefore by integration over time 

r < C r_ (1 + aVi/2(i _ in r)) r^'^^'^'^ (5.78) 



which implies the contraction property for the norm (15.720 (I5.73P for r sufficiently 
small. The existence result now follows from the fact that TZ is closed for that norm. 
Finally the uniqueness result follows from Proposition 5.1 with a = 0. 

□ 
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So far we have solved the auxihary system (12.301) (12.311) for general Va satisfying 
( I5.36P and under the decay assumption (15.621) on the remainder R defined by (12.331) . 
We now take Va = U{t)v+. By (ESD, that Va satisfies (E3S]) for v+ G V^+^ with 

a = II Va- L°°((0, 1], \/^-+i) II < 2 II v+- y^+i II . (5.79) 

We now show that the corresponding remainder satisfies (I5.62p with h{t) = 
t{l-in tf. 

Proposition 5.5. Let 1 < k < 2. Let E V'^^^ and Va{t) = U{t)v^. Let R and 
be defined by ^MM) (fU^j and (^a(l) = 0. Then R e C((0, 1], V'') and R satisfies 
the estimate 

II R{ty, II < C a%l + a^){l - in tf (5.80) 

for allte (0,1]. 

Proof. For Va = U{t)v+, the remainder R takes the form 

R = -iKa ■ VVa - ((V2) V ■ Sa + {1/2)KI + B^S + ga) Va ■ (5.81) 

Using the fact that the norm || • ||^ defined by (]5.4ip satisfies 

||/i/2;^Nl< C \\ MU \\ f2;V'' \\ (5.82) 
by Lemma 3.1, we estimate 

II R; II < C( II Ka lU II Va, II +f II V ■ |U + || Ka \\l 



BaS h + II 9a \U ) II Va] || • (5.83) 



We then estimate 



Ba \l <C (5.84) 
Bas \l <{l + C t(^-i)/2) II uj^^^Ba h <Ca^ (5.85) 



by ^M) (M), 
by fl538|) and 



Sa lU V \\V ■ Sa\\^ <C a^{l- int) (5.86) 
II 9a lU <C (5.87) 
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by Lemma 3.3. Substituting fOD - flSlSTj) into fl5:83|l yields flCTj) . The continuity 
of R in follows immediately from that of Va in V^^^ and from the estimates. 

□ 

Proposition 5.5 implies that R satisfies the assumption fl5.62p with 

h{t) = t{l - in tf (5.88) 

so that 

7I(t) =t('=-i)/2(i_£^t)2 . (5.89) 

Putting together Propositions 5.4 and 5.5, we obtain the final result for the Cauchy 
problem at time zero for the system (12.211) (12.221) in the following form. 



Proposition 5.6. Let I < k <2. Let v+ G V^^'^ with 

a+ = II v+; II . (5.90) 

Let Va = U{t)v+ and let be defined by Ii2.25\) and ipai^) = 0. Then there exists r, 
< r < 1, depending on a_|_ and there exists a unique solution {v,(p) of the system 
^M) (ESD such that G (C n L^){I,V^), ^ G C{I,H^+^), v - Va e X{I) and 
[ip — (pa){0) = 0, where I = (0, r] and X{I) is defined by \3.41 ) with h given by 
( (5. 88\) . The solution (t>, ip) satisfies the estimates 

II v{t) - Vait); V'^W <Y t{l - in tf (5.91) 

II J (v^(t) - v;,(t)) lb < C a+ F ^lHm+V^-k)+ (i_^ntf for0<i<k + 2 

(5.92) 

for some Y > depending on a+ and for alltEl. 



We can now state the final result on the Cauchy problem for the system (II. ip 
with prescribed asymptotic behaviour at infinity. 



Proposition 5.7. Let I < k <2. Let u+ G FV^^^ with 

a+ = II M+;FV^^+^ II . (5.93) 

Let Ua be defined by Ii2. 35\) l{2.36\) with Va = U{t)v+, v+ = Fu+ and ipa defined by 
^2.25\) and (pa{^) = 0. Then there exists T > 1 depending on a_|_ and there exists a 
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unique solution u of the system M.l\) such that u G C{I,FV^), where I = [T,oo) 
and u{t) = U{—t)u{t), and such that 

II u{t) - Ua{t); FV'' II < C{a+)t-\l + in tf+^ (5.94) 

for all t E I. More precisely, u satisfies the estimates 

\\\x\%t) \\2 < C a+ {l + a\{l + ^n t))^ for < i < k , (5.95) 

\\ \xfVu{t) \\2 < C a+ {l + al{l + in t)y for < i < k - 1 , (5.96) 

II u{t) - Uait) II2 V II V {u{t) - Uait)) h < C{a+)t-\l + lu tf , (5.97) 

II 1x1^= {u{t) - Uait)) II2 < C{a+)t-\l + in t)^+^ , (5.98) 

II Ixl'^-V {u{t) - Ua{t)) II2 < C{a+)t-\l + in tf . (5.99) 



Proof. We first prove the existence of u with the properties stated. Let (f , if) be 
the solution of the system (12.211) (12.221) obtained in Proposition 5.6 and define u by 
(12.61) fl2.16p . Then m is a solution of the system (II. ip defined in / = [T, 00) with 
T = . The properties of u follow from those of {v,(p) and from the estimates 
which we now derive. By (12.61) (12.351) and (13.81) it is sufficient to estimate Uc and 
Uc — Uca in V'^- From (15.381) and from Lemma 3.4, part (1) with m = 2 and part (3), 
it follows that 

\\ io^u^it) \\2 < C a+ {1 + alii - in t)y ioi < i < k , (5.100) 

\\ u^xucait) h < C a+ (1 + al{l - in t)y ioi < i < k - 1 . (5.101) 
We next estimate the difference 

Uc -Uca = V exp{-iip) - Va exp{~iipa) 

= {v^exp^-iip) - 1) + V - Va) exp{-iipa) (5.102) 

with ip = (fi — (fa- From (I5.9ip (I5.92p and Lemma 3.4, part (2), it follows that 

II v(exp{-iilj) - 1); \\ <C a+ (^a+ Y t{l - in t)^ + (^a+ Y t{l - in t)^)^^ 

< C al Y t{l - in t)"^ (5.103) 
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for r sufficiently small so that a+Fr(l - inr)^ < 1. From fICTD . fISTTOSD (15:381) and 
Lemma 3.4, part (1) with m = 2, it then follows that 

||< X > (ucit) - Ucait)) II2 <C(l + al)Y t(l - in tf , (5.104) 

II M) - u,a{t)) II2 < C (1 + a^^)'^' Y t{l - In tf+^ , (5.105) 

II {uc{t) - Uca{t)) II2 <C(l + aiy Y t{l - £n tf . (5.106) 

The estimates ^M)-^M) follow from (15304]) - flSTTO and the estimates ^5M\f 
(Km follow from Kim Kim and (IHIWD - dCTD . 

Uniqueness of m follows from Proposition 5.2 with /;-2(i) = t{l~in t)^ and (3 = k, 
which satisfy the conditions fl5.14p fl5.15p . 

□ 
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A - Appendix. Properties of S^. 

We work in arbitrary space dimension n, although we need only the special 
case n = 2. We ffist show that S'^ C V'^. For that purpose it suffices to prove the 
following lemma. 

Lemma A.l. Let 1 < k < 2. Then the following estimate holds 

||< >''"^ xt; II2 < C (||< a; f II2 + ||< x II2) (A.l) 
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or equivalently 

II uj^-'xv h < C II uj'^v Wl-'/" II Ixl'^t; 11^/' . (A.2) 

Proof. From the elementary estimate 

II V II2 < C(|| u'^v II2 + II Ixl'^t; II2) (A.3) 
it follows that (lA.ip is equivalent to 

II cu^^^xf II2 < C (11 cu'^t; II2 + II kl'^t; II2) • (A.4) 



Clearly flA.2p implies flA.4p . Conversely flA.2p follows from flA.4l) by a dilation of v 
followed by an optimization of the dilation parameter. 

In order to prove (1A.1I) . we use a dyadic decomposition. Let ip G C°°{IR^,IR), 
< < 1, = 1 (resp. 0) for |^| < 1 (resp. > 2), let ^0 = and = 

^(2-^-0 - t^(2-0--i)0 = ^i(2-(^'-^)0, 
so that 

(^j(x) = 2(^'~i)'^ v^i (2^'~i x) 

and therefore 

II |x|^ 111 = 2-(^-i)^ II |x|^ ifii 111 for £ > (A.5) 
where we use the notation (p = Fip. Clearly for i > 

C-^ \\< uj>'v\\l< J2 2''' II ^j^v \\l < C\\<uj>'v \\l . (A.6) 

Let now £ = A; — 1 so that < ^ < L We estimate 

(fj -kxv II2 . (A.7) 

i>o 

Now 

tpj -kXV = X {ipj -kv) — (Xipj) -k V 

SO that by flA.SP and the Young inequality 



II ^jkxv II2 < II x{ipjkv) II2 + 2 1) II |x| ifii 111 II V II2 . (A.^ 
Substituting (lAlSj) into (IATTI) yields 



\<LU>^xv\\l< CJ2 2^^^ \\xiipji<v)\\l +C||t;||^ . (A.9) 
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We estimate the sum in the RHS by the Holder inequahty in [j, x) as 



l/k 



Y^2'^' \\x{^,^v) \\l< K:2^-^ II 

j>0 \j>0 



v\\l 



E II M^ivj-^ 

\j>0 



V) \\l 



l/k 



<C\\<uj>''v\\l"^ I II Ixl'^ 



(A.IO) 



by (1A.6I) . Now from the inequahty 

Ixl'^- |y|*^ < k\x-y\ (\x-y\^+\y\ 



we obtain 

\x\^{LPj-kv) — ifj-k\x\^v < A; (^(^|x|''|v9j) 7^ |t;| + (|x| |(y9j|) 7^ |x|^|t;|) 
and therefore by (1A.5I) and the Young inequahty 

II |x|'' {(pj -kv) II2 < II 

+ 2-(^'-i) II \x\ipi 111 II |x|^t; II2 ) (A.ll) 

so that by (TOl) 



+ A;(2-(^'-^)'^ II |x|Vi 111 II V II2 



Elll^l'(¥'.*^)ll2< C^(llkl'^ll2 + IIN'Hl2 +1^112)- (A.12) 



Substituting (1X121) into (lAlQj) (lAlUj) yields flAl]) . 



□ 



We next prove that Tl^ is stable under the free Schrodinger evolution U{ ■ ) and 
for that purpose we prove the estimate (13.111) . We treat only the case 1 < A; < 2, 
but the extension to general k is straightforward. 



Lemma A. 2. Letl<k<2. Then 

II U{t)v-Tl' II < C(|| v-Tl' II + Itl^^ II uj^'v II2) 



(A.13) 



Proof. By (1A.3I) . one can use for S'^ the equivalent norm 



V] S'' II = II uj^v II2 + II \x\^v II2 
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and by the commutation relation fl3.6p . it is sufficient to prove that 

II \x + ttV\''v II < C[\\ \x\''v II2 + Itl'' II uj'^v II2) . (A.14) 

By homogeneity (namely dilation of v by |t|^^^), (lA.14p is equivalent to the special 
case t = 1. It is then sufficient to prove that 



II u;^exp(za;^/2)t; II2 < C (^\\ u'^v y + || |a;|^i; II2) . 
We first prove (lA.lSP with k replaced by i with < £ < 1. By (13.161) 



(A.15) 



Now 



u;^exp{ixy2)v \\l = C J dy lyr""'^ || {ry - r^y) exp{ixy2)v \\l . (A.16) 

{Ty — T^y) exp{ix^ /2)v = (^Tyexp{ix^/2)^ {TyV — v) 
— T_y exp{ix'^ / 2) {r^yV — v) + 2iexp ((i(x^ + y^)/2}j Sin{xy)v{x) 



so that 



{Ty~ T_y)exY>{ix'^ /2)v \\2 < \\ryV-v\\2 + \\ r_yV - v g 



+ 2 II sin(- y)v{-) y 
Substituting (TOTI) into (fAlHIl and using again f l3.16p yields 

II u'exp{zxy2)v \\l< C (11 u'v \\l + J dy lyr^'' \\ sin(- y)v{.) ||^) 



(A.17) 



The last integral is 



y dy dx \y\ " ^^sin^(x?/)|i;(x)|^ = C \\ Ixfv 



Il2 

2 



which completes the proof of (]A.15P with k replaced by 
We next take ^ = k — 1 and we estimate 

II \x + iV\^v II2 = II \x + iV\'^{x + iV)v II2 

< Cfll |x|^f II2 + II cu^xf II2 + II |x|^Vt; II2 + II t^^^^ II 2 



< C II v]!!^ II 
by (1A.15P with k replaced by ^ and Lemma A.l. 



□ 



52 



References 



[1] Bejenaru, I. On Schrodinger maps. Preprint (2006), math. AP/0604255. 

[2] Bejenaru, I ; lonescu, A.D. ; Kenig, C.E. Global existence and uniqueness of 
Schrodinger maps in dimensions d > A. Preprint (2006), math. AP/0607579. 

[3] Chang, N.H. ; Shatah, J. ; Uhlenbeck, K. Schrodinger maps. Comm. Pure Appl. 
Math. 53 (2000), 590-602. 

[4] Ding, W. Y. ; Wang, Y. D. Local Schrodinger flows into Kahler manifolds. Sci. 
China Ser. A 44 (2001), 1446-1464. 

[5] Ginibre, J. ; Velo, G. Long range scattering and modified wave operators for 
the Maxwell-Schrodinger system I. The case of vanishing asymptotic magnetic 
field. Commun. Math. Phys. 236 (2003), 395-448. 

[6] Ginibre, J. ; Velo, G. Long range scattering for the Maxwell-Schrodinger system 
with large magnetic field data and small Schrodinger data. Puhl. RIMS 42 
(2006), 421-459. 

[7] Ginibre, J. ; Velo, G. Long range scattering and modified wave operators for 
the Maxwell-Schrodinger system II. The general case. Preprint (2006), math. 
AP/0606710. 

[8] lonescu, A.D. ; Kenig, G.E. Low regularity Schrodinger maps. Preprint (2006), 
math. AP/0605210. 

[9] lonescu, A.D. ; Kenig, C.E. Low regularity Schrodinger maps. II. Global well- 
posedness in dimension c? > 3. Preprint (2006), math. AP/0605209. 

[10] Kato, J. Existence and uniqueness of the solution to the modified Schrodinger 
map. Math. Res. Lett. 12 (2005), 171-186. 

[11] Kato, J. ; Koch, H. Uniqueness of the modified Schrodinger map in H^^^^^^IE?). 
Preprint (2005), math. AP/0508423. 

[12] Kato, T. ; Ponce, G. Commutator estimates and the Euler and Navier-Stokes 
equations. Comm. Pure Appl. Math. 41 (1988), 891-907. 



53 



[13] Kenig, CE. ; Nahmod, A. The Cauchy problem for the hyperbohc-elhptic Ishi- 
mori system and Schrodinger maps. Nonlinearity 18 (2005), 1987-2009. 

[14] Kenig, CE. ; Pollack, D. ; Staffilani, G. ; Toro, T. The Cauchy problem for 
Schrodinger flows into Kahler manifolds. Preprint (2005), math. AP/0511701. 

[15] Kenig, CE. ; Ponce, G. ; Vega, L. The initial value problem for a class of 
nonlinear dispersive equations. Lect. Notes Math. 1450 (1990), 141-156. 

[16] Kosevich, A.M. ; Ivanov, B.A. ; Kovalev, A.S. Magnetic solitions. Physics Re- 
ports 194 (1990), 117-238. 

[17] Mc Gahagan, H. An approximation scheme for Schrodinger maps. Preprint 
(2005). 

[18] Nahmod, A. ; Shatah, J. ; Vega, L. ; Zeng, C. Schrodinger maps and their 
associated frame systems. Preprint (2006), math. AP/0612481. 

[19] Nahmod, A. ; Stefanov, A. ; Uhlenbeck, K. On Schrodinger maps. Comm. Pure 
Appl. Math. 56 (2003), 114-151. 

[20] Nahmod, A. ; Stefanov, A. ; Uhlenbeck, K. On Schrodinger maps. Erratum. 
Comm. Pure Appl. Math. 57 (2004), 833-839. 

[21] Shimomura, A. Modified wave operators for Maxwell-Schrodinger equations in 
three space dimensions. Ann. H. P. 4 (2003), 661-683. 

[22] Stein, E.M. Singular integrals and differentiability properties of functions, 
Princeton University Press, Princeton (1970). 

[23] Sulem, P. L. ; Sulem, C ; Bardos, C On the continuous hmit for a system of 
classical spins. Commun. Math. Phys. 107 (1986), 431-454. 

[24] Triebel, H. Spaces of distributions with weights. Multipliers in Lp-spaces with 
weights. Math. Nachr. 78 (1977), 339-355. 

[25] Tsutsumi, M. Weighted Sobolev spaces and rapidly decreasing solutions of some 
nonlinear dispersive wave equations, J. Diff. Eq. 42 (1981), 260-281. 



54 



[26] Tsutsumi, Y. Global existence and asymptotic behaviour of solutions for the 
Maxwell-Schrodinger system in three space dimensions. Commun. Math. Phys. 
151 (1993), 543-576. 



55 



